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CHAPTER I 



Basic concepts 

In this chapter we introduce the Cox ring and, more generally, the Cox sheaf 
and its geometric counterpart, the characteristic space. Moreover, algebraic and 
geometric aspects are discussed. Section Q] is devoted to commutative algebras 
graded by monoids. In Section [5J we recall the correspondence between actions 
of quasitori (also called diagonalizablc groups) on afhne varieties and affinc alge- 
bras graded by abelian groups, and we provide the necessary background on good 
quotients. Section [3] is a first step towards Cox rings. Given a normal variety X 
and a finitely generated subgroup K C WDiv(A) of the group of Weil divisors, we 
consider the associated sheaf of divisorial algebras 

S = 0O X (D). 

DeK 

We present criteria for local finite generation and consider the relative spectrum. 
A first result says that r(A, S) is a unique factorization domain if K generates the 
divisor class group C1(A). Moreover, we characterize divisibility in the ring Y{X, S) 
in terms of divisors on A. In Section |4l the Cox sheaf of a normal variety X with 
finitely generated divisor class group C1(A) is introduced; roughly speaking it is 
given as 

K = Ox(D). 

The Cox ring then is the corresponding ring of global sections. In the case of a free 
divisor class group well-dcfinitcness is straightforward. The case of torsion needs 
some effort, the precise way to define 1Z then is to take the quotient of an appropriate 
sheaf of divisorial algebras by a certain ideal sheaf. Basic algebraic properties and 
divisibility theory of the Cox ring are investigated in Section[5l Finally, in Section[6l 
we study the characteristic space, i.e., the relative spectrum X = Spec x lZ of the Cox 
sheaf. It comes with an action of the characteristic quasitorus H = Spec K[C1(A)] 
and a good quotient X — > X. We relate geometric properties of A to properties 
of this action and give a characterization of the characteristic space in terms of 
Geometric Invariant Theory. 

1. Graded algebras 

1.1. Monoid graded algebras. We recall basic notions on algebras graded 
by abelian monoids. In this subsection, R denotes a commutative ring with unit 
element. 

Definition 1.1.1. Let K be an abelian monoid. A K-graded R-algebra is an asso- 
ciative, commutative i?-algebra A with unit that comes with a direct sum decom- 
position 

A = A w 

w£K 

into i?-submodules A w C A such that A w ■ A w > C A w+W i holds for any two elements 
w, w' G K. 



5 



6 



I. BASIC CONCEPTS 



We will also speak of a AT-graded i?-algcbra as a monoid graded algebra or just 
as a graded algebra. In order to compare -R-algebras A and A', which are graded 
by different abelian monoids AT and AT', we work with the following notion of a 
morphism. 

Definition 1.1.2. A morphism from a A'-graded algebra A to a A"'-gradcd algebra 
A' is a pair (ip, ip), where ip: A — > A' is a homomorphism of AValgcbras, ip : K — > AT' 
is a homomorphism of abelian monoids and 

i>{A w ) C A~r {w) 

holds for every uu S AT. In the case AT = AT' and ^ = idif, we denote a mor- 
phism of graded algebras just by ip: A — > A' and also refer to it as a (K-)graded 
homomorphism. 

Example 1.1.3. Given an abelian monoid AT and w\ 1 . . . ,w r £ K, the polynomial 
ring R[Ti, . . . , T r ) can be made into a AT-graded i?-algebra by setting 

R[Ti,...,T r ] w := < ^ a v T v -, a v e i?, + . . . + v r w r = w > . 

This A'-grading is determined by deg(Ti) = Wi for 1 < i < r. Moreover, 
A^Ti, . . . , T r ] comes with the natural Z> -grading given by 

R[Ti, . . . , T r \ v := R ■ T v , 

and we have a canonical morphism {ip, ip) from R\T\, . . . , T r ] to itself, where ip = id 
and ip : Z> — > K sends v to v\W\ + . . . + v r w r . 

For any abelian monoid AT, we denote by the associated group of differences 
and by ATq := K ®i Q the associated rational vector space. Note that we have 
canonical maps K — > AT ± — > ATq, where the first one is injective if AT admits 
cancellation and the second one is injective if is free. By an integral A'-algebra, 
we mean an i?-algebra A without zero-divisors. 

Definition 1.1.4. Let A be an integral AT-graded i?-algcbra. The weight monoid 
of A is the submonoid 

S(A) := {w G K; A w ^ 0} C K. 

The weight group of A is the subgroup K(A) C A' ± generated by S(A) C AT. The 
weight cone of A is the convex cone uj(A) C ATq generated by 5(A) C A". 

We recall the construction of the algebra associated to an abelian monoid; it 
defines a covariant functor from the category of abelian monoids to the category of 
monoid graded algebras. 

Construction 1.1.5. Let K be an abelian monoid. As an i?-module, the associated 
monoid algebra over R is given by 

R[K] := 0JJi» 

and its multiplication is defined by \ w ' X w := x w+w . If K 1 is a further abelian 
monoid and ip: K K' is a homomorphism, then we have a homomorphism 

ip := R[ip} : R[K] -+ R[K'], X w ^ X^ {w) ■ 

The pair (ip,ip) is a morphism from the AT-graded algebra R[K] to the AT'-graded 
algebra R[K'], and this assignment is functorial. 
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Note that the monoid algebra R[K] has A as its weight monoid, and R[K] 
is finitely generated over R if and only if the monoid A is finitely generated. In 
general, if a A-graded algebra A is finitely generated over R, then its weight monoid 
is finitely generated and its weight cone is polyhedral. 

Construction 1.1.6 (Trivial extension). Let A C A' be an inclusion of abelian 
monoids and A a A-graded A-algebra. Then we obtain an A'-graded A-algebra A 1 
by setting 

f A u Hue A", 



{0} else. 



A' A' u , A' u : 

Construction 1.1.7 (Lifting). Let G: K — > K be a homomorphism of abelian 
monoids and A a A-graded i?-algebra. Then we obtain a A'-graded A-algebra 

A := 04, A u := A G(u) . 

u£K 

Definition 1.1.8. Let A be a A-graded A-algebra. An ideal / C A is called 
(K -) homogeneous if it is generated by (A-) homogeneous elements. 

An ideal / C A of a A-graded A-algebra A is homogeneous if and only if it has 
a direct sum decomposition 

I = I w , I w := I fl A w . 

Construction 1.1.9. Let A be a A-gradcd A-algcbra and / C A a homogeneous 
ideal. Then the factor algebra A/ 1 is A"- graded by 

A/ 1 = ®{A/I) W (A/I) w := A w + I. 

Moreover, for each homogeneous component (A/I) w C A/I, one has a canonical 
isomorphism of A-modulcs 

A w /I w -> (A/I) w , f + I w ^ / + /. 

Construction 1.1.10. Let A be a A-graded A-algebra, and ip: K — > A' be a 
homomorphism of abelian monoids. Then one may consider A as a A'-graded 
algebra with respect to the coarsened grading 

A = A u , A u := j4io- 

Example 1.1.11. Let K = I 2 and consider the A'-grading of R[Ti, . . . , T5] given 
by deg(Ti) = Wi, where 

wi = (-l,2), w 2 = (l,0), ^ 3 = (0,1), 1^4 = (2,-1), ttfB = (-2,3). 

Then the polynomial T1T2 +T3 +T4T5 is A'- homogeneous of degree (0, 2), and thus 
we have a A'-graded factor algebra 

A = R[T 1 ,...,T 5 ]/(T 1 T 2 + Ti+T i T 5 ). 

The standard Z-grading of the algebra A with deg(Ti) = . . . = dcg(Ts) = I may be 
obtained by coarsening via the homomorphism ip : Z 2 — >• Z, (a, 6) n> a + 6. 

Proposition 1.1.12. Let A be a ^-graded R-algebra satisfying //' 7^ /or any 

two non-zero homogeneous f,f G A. Then the following statements hold. 

(i) The algebra A is integral. 

(ii) If gg' is homogeneous for 7^ g, 0/ G A, £/ien g and g' are homogeneous. 

(iii) Every unit f & A* is homogeneous. 



8 



I. BASIC CONCEPTS 



Proof. Fix a lexicographic ordering on IT . Given two non-zero g,g' G A, 
write g ~ ^2 f u and g' = X/ /« with homogeneous f u and f . Then the maximal 
(minimal) component of gg' is f w f' w , 7^ 0, where f w and f' w , are the maximal 
(minimal) components of / and /' respectively. The first two assertions follow. For 
the third one observe that 1 € A is homogeneous (of degree zero). □ 

1.2. Veronese subalgebras. We introduce Veronese subalgebras of monoid 
graded algebras and present statements relating finite generation of the algebra 
to finite generation of a given Veronese subalgebra and vice versa. Again, R is a 
commutative ring with unit element. 

Definition 1.2.1. Given an abelian monoid K admitting cancellation, a if-graded 
i?-algebra A and a submonoid L C K, one defines the associated Veronese subalgebra 
to be 

A(L) := A w C A w = A. 

iv£L weK 

Proposition 1.2.2. Let K be an abelian monoid admitting cancellation and A a 
finitely generated K -graded R-algebra. Let L C K be a finitely generated submonoid. 
Then the associated Veronese subalgebra A(L) is finitely generated over R. 

Lemma 1.2.3. Let K be an abelian monoid admitting cancellation and let L, M C 
K be finitely generated submonoids. Then L n M is finitely generated. 

Proof. Consider the embedding K C into the group of differences and 
define a homomorphism a: U — > with L,M C a(Z r ). Then a~ 1 (L) and 
a~ 1 (M) are finitely generated monoids; indeed, if Wi = a(vi), where 1 < i < k, 
generate L and u\, . . . ,u a is a basis for ker(a), then a -1 (L) is generated by vi, . . . ,Vk 
and ±«i, . . . , ±ii s . 

To prove the assertion, it suffices to show that the intersection a^ 1 (L)Da~ 1 (M) 
is finitely generated. In other words, we may assume that K = U holds. Then 
L and M generate convex polyhedral cones r and a in Q r , respectively. Consider 
ijj := r n cr and the tower of algebras 

Q c Q[z n M] c Q[wnz r ]. 

Gordan's Lemma j!10[ Theorem 7.6] shows that Q[u> (~l 17\ is finitely generated 
over Q. Moreover, for every v £ r fl a, some positive integral multiple k-v belongs 
to In M. Thus, Q[w n Z r ] is integral and hence finite over Q[X n M]. The Artin- 
Tate Lemma |66[ page 144] tells us that Q[L fl M) is finitely generated over Q. 
Consequently, the weight monoid L n M of Q[L n M] is finitely generated. □ 

PROOF of Proposition 11.2.21 According to Lemma 11.2. 3| we may assume 
that L is contained in the weight monoid S(A). Moreover, replacing K with its 
group of differences, we may assume that K is a group. Fix homogeneous generators 
fi, . . . , f r for A and set Wi := deg(/i). Then we have an epimorphism 

a: II — > K, e, <-> Wi. 

Moreover, set B := R[T%, . . . ,T r ] and endow it with the natural Z r -grading. Then 
we obtain a morphism (n, a) of graded i?-algebras from B to A, where 7r is the 
epimorphism defined by 

ir: B — > A, T t ^ /,. 

The inverse image a _1 (L) C Z r is a finitely generated monoid. By Lemma 11.2. 31 
the intersection M := a _1 (L) fl Z 7 >0 is finitely generated and hence generates a 
polyhedral convex cone a = cone(M) in Q r . Consider the tower of i?-algcbras 

R C R[M] C R[aV\lT\. 
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The i?-algebra R[a fl 27] is finitely generated by Gordan's Lemma [1101 Theo- 
rem 7.6], and it is integral and thus finite over R[M]. The Artin-Tate Lemma 1661 
page 144] then shows that R[M] is finitely generated over R. By construction, 
7r: B — > A maps R[M] C B onto A(L) C A. This implies finite generation of 
A(L). □ 

Proposition 1.2.4. Suppose that R is noetherian. Let K be a finitely generated 
abelian group, A a K -graded integral R-algebra and L C K be a submonoid such that 
for every w G S(A) there exists ann G Z>i tm't/i nw G L. J/ £/ie Veronese subalgebra 
A(L) is finitely generated over R, then also A is finitely generated over R. 

Proof. We may assume that K is generated by S(A). A first step is to show 
that the quotient field of A is a finite extension of that of A{L). Fix generators 
Ui,...,u r for K. Then we may write Ui — — u~7 with G S(A). Choose 
nontrivial elements gf G A ±. With /j := gl j g7 we have 

Quot(A) = Quot^L))^,...,/,). 

By our assumption, A is contained in the integral closure of A(L) in Quot(A). 
Applying 1201 Proposition 5.17] we obtain that A is a submodule of some finitely 
generated A(L)-module. Since R and hence A(L) is noetherian, A is finitely gener- 
ated as a module over A(L) and thus as an algebra over R. □ 

Putting Propositions 11.2.21 and 11.2.41 together, we obtain the following well 
known statement on gradings by abelian groups. 

Corollary 1.2.5. Let R be noetherian, K a finitely generated abelian group, A 
an integral K -graded R-algebra and L C K a subgroup of finite index. Then the 
following statements are equivalent. 

(i) The algebra A is finitely generated over R. 

(ii) The Veronese subalgebra A(L) is finitely generated over R. 

Proposition 1.2.6. Suppose that R is noetherian. Let L,K be abelian monoids 
admitting cancellation and (</?, F) be a morphism from an L-graded R-algebra B to 
an integral K-graded R-algebra A. Assume that the weight monoid of B is finitely 
generated and tp: B u — > Apr u \ is an isomorphism for every u G L. Then finite 
generation of A implies finite generation of B. 

Proof. We may assume that K is an abelian group. In a first step we treat the 
case L = 17 without making use of finite generation of S(B). Since A is integral, 
there are no IT -homogeneous zero divisors in B and thus B is integral as well, see 
Proposition 11.1. l"2l Set Lq := kei(F). By the elementary divisors theorem there is 
a basis u\, . . . , u r for TT and oi, . . . , a s G Z>i such that a\Ux, . . . , a s u s is a basis for 
Lq. Let L\ C 17 be the sublattice spanned by w s +i) ■ • ■ i u r- This gives Veronese 
subalgebras 

B Q := B u , B 1 := B U1 C := B u . 

Note that ip maps Bi isomorphically onto the Veronese subalgebra of A defined 
by F(Li). In particular, B\ is finitely generated. Moreover, C is generated by B\ 
and the (unique, invertible) elements f^ 1 G B± aiUi mapping to 1 G Aq. Thus, the 
Veronese subalgebra C C B is finitely generated. Since Lq © L\ is of finite index in 
Z r , also B is finitely generated, see Corollarv ll.2.51 

We turn to the general case. Let Ui,...,u r G L generate the weight monoid 
of B. Consider the homomorphism G : 1 r —> L ± to the group of differences sending 
the i-th canonical basis vector a G 27 to Ui G L and the composition G' := F ± oG, 
where i*^ : L ± —> K extends F: L —> K. Regarding B as L ± -graded, G and G' 
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define us lifted algebras B and A, see Construction 1 1 . 1 .71 fitting into a commutative 
diagram of canonical morphisms 

B *A 

B—^A 

The canonical morphism from A to A is as required in the first step and thus A 
is finitely generated. The weight monoid M of B is generated by the kernel of G 
and prcimages of generators of the weight monoid of B; in particular, M is finitely 
generated. Moreover, B maps isomorphically onto the Veronese subalgebra of A 
defined by M C Z r ; here we use that tp: B u — > Apt u ) is an isomorphism for every 
u G L. By Proposition 11.2.21 the algebra B is finitely generated. Finally, B maps 
onto B which gives finite generation of B. □ 

2. Gradings and quasitorus actions 

2.1. Quasitori. We recall the functorial correspondence between finitely gen- 
erated abelian groups and quasitori (also called diagonalizable groups). Details 
can be found in the standard textbooks on algebraic groups, see for example [391 
Section 8], gH Section 16], [l23l Section 3.2.3] or [l40l Section 2.5]. 

We work in the category of algebraic varieties defined over an algebraically 
closed field K of characteristic zero. Recall that an (affine) algebraic group is an 
(affine) variety G together with a group structure such that the group laws 

GxG^G, (51,52) H> 5132, G^G, g ^ g~ l 

are morphisms of varieties. A morphism of two algebraic groups G and G' is a 
morphism G — > G' of the underlying varieties which moreover is a homomorphism 
of groups. 

A character of an algebraic group G is a morphism \ : G — > K* of algebraic 
groups, where K* is the multiplicative group of the ground field K. The character 
group of G is the set X(G) of all characters of G together with pointwise multipli- 
cation. Note that X(G) is an abelian group, and, given any morphism ip : G — » G' 
of algebraic groups, one has a pullback homomorphism 

V *: X(G') -> X(G), X ' ^ X'°V- 

Definition 2.1.1. A quasitorus is an affine algebraic group H whose algebra of 
regular functions T(H, O) is generated as a K- vector space by the characters x £ 
\(H). A torus is a connected quasitorus. 

Example 2.1.2. The standard n-torus T™ := (K*) n is a torus in the sense of 12.1.11 
Its characters are precisely the Laurent monomials T v = T" 1 ■ ■ ■ T% n , where v e Z" , 
and its algebra of regular functions is the Laurent polynomial algebra 

L(TP,e>) = KfTf",...,^ 1 ] = 0K^f = K[Z n }. 

We now associate to any finitely generated abelian group K in a functorial way 
a quasitorus, namely H := SpecK[-K"]; the construction will show that H is the 
direct product of a standard torus and a finite abelian group. 

Construction 2.1.3. Let K be any finitely generated abelian group. Fix gener- 
ators wi, . . . ,w r of K such that the epimorphism 7r: Z r — > K, e, h4 Wi has the 
kernel 

ker(7r) = 7La\e\ © . . . © Za s e s 
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with oi, . . . , a s € Z>i. Then we have the following exact sequence of abelian groups 

evi— laid ei^Wi 

>- If *~ W >■ K ^ 

Passing to the respective spectra of group algebras we obtain with H := Spec IK [K] 
the following sequence of morphisms 

(t* 1 ,...,t?)<^t , 
1 < T s s T r ■< H ■< 1 

The ideal of H C T r is generated by ~ 1, where 1 < i < s. Thus H is a closed 
subgroup of T r and the sequence is an exact sequence of quasitori; note that 

H = C(oi) x ... x C(o.) x T- s , C(<n) := {C G K*; C a< = 1}. 

The group structure on H = SpecK[K] does not depend on the choices made: the 
multiplication map is given by its comorphism 

K[K] I[if]« K K[if], ^X™®X W , 

and the neutral element of H — SpccK[i^] is the ideal (\ w — 1; G if). Moreover, 
every homomorphism ip : K K' defines a morphism 

Spec K[ip}: Spec K[K'] -> SpecK[ii]. 

Theorem 2.1.4. W^e /iaue contravariant exact functors being essentially inverse to 
each other: 

{finitely generated abelian groups} i — > {quasitori} 

K i-> SpccK[/i] 
V> ^ SpecK[^], 

X(ff) ^ i H, 

Ifi* i I if. 

Under these equivalences, the free finitely generated abelian groups correspond to 
the tori. 

This statement includes in particular the observation that closed subgroups as 
well as homomorphic images of quasitori are again quasitori. Note that homomor- 
phic images of tori are again tori, but every quasitorus occurs as a closed subgroup 
of a torus. 

Recall that a rational representation of an affine algebraic group G is a mor- 
phism g: G —> GL(V") to the group GL(V) of linear automorphisms of a finite 
dimensional IK-vector space V. In terms of representations, one has the following 
characterization of quasitori, see e.g. [1401 Theorem 2.5.2]. 

Proposition 2.1.5. An affine algebraic group G is a quasitorus if and only if any 
rational representation of G splits into one- dimensional subrepresentations. 

2.2. Affine quasitorus actions. Again we work over an algebraically closed 
field K of characteristic zero. Recall that one has contravariant equivalences between 
affine algebras, i.e. finitely generated K-algebras without nilpotcnt elements, and 
affine varieties: 

A i-> Spec ,4, X i y T(X,0). 

We first specialize these correspondences to graded affine algebras and affine vari- 
eties with quasitorus action; here "graded" means graded by a finitely generated 
abelian group. Then we look at basic concepts such as orbits and isotropy groups 
from both sides. 

A G-variety is a variety X together with a morphical action G x X — >• X of an 
affine algebraic group G. A morphism from a G- variety X to G'-variety X' is a pair 
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(if, if), where tp: X — > X' is a morphism of varieties and tp: G — > G 1 is a morphism 
of algebraic groups such that we have 

<p(g-x) = p(g)-<p(x) for all (g, x) e G x X. 

If G' equals G and ip is the identity, then we refer to this situation by calling 
ip: X — > X' a G-equivariant morphism. 

Example 2.2.1. Let H be a quasitorus. Any choice of characters Xii---iXr 6 
X(i/) defines a diagonal H-action on W~ by 

h-z := (xi(h)z 1 ,...,Xr(h)z r ). 

We now associate in functorial manner to every afline algebra graded by a 
finitely generated abelian group an affine variety with a quasitorus action. 

Construction 2.2.2. Let K be a finitely generated abelian group and A a K- 
graded affine algebra. Set X = Spec A. If 6 , i = 1, . . . , r, generate A, then 
we have a closed embedding 

X ^ K r , x m. (^(a:),..., /,.(*)), 

and X C K r is invariant under the diagonal action of if = SpecK[A] given by the 
characters x Wl >••■■> X Wr ■ Note that for any / S A homogeneity is characterized by 

/ei, f(h-x) = X w {h)f{x) for all h £ H, x £ X. 

This shows that the induced ff-action on X does not depend on the embedding 
into K r : its comorphism is given by 

A -» K[A] ® K A, A lu 3 i ^ x w ® fw e K[K] W ® K A w . 

This construction is functorial: given a morphism (?/>, ip) from a A-gradcd affine 
algebra A to A"'-gradcd affine algebra A', we have a morphism (tp,<p) from the 
associated H'- variety X 1 to the H- variety X, where <p = Spec ip and = Spec K [ip]. 

For the other way round, i.e., from affine varieties X with action of a qua- 
sitorus H to graded affine algebras, the construction relies on the fact that the rep- 
resentation of H on r(_X", O) is rational, i.e., a union of finite dimensional rational 
subrcpresentations, see [1401 Proposition 2.3.4] and |95l Lemma 2.5] for non-affinc 
X. Proposition 12 . 1 .51 then shows that it splits into one-dimensional subrcpresenta- 
tions. 

Construction 2.2.3. Let a quasitorus H act on a not necessarily affine variety X. 
Then T(X, O) becomes a rational H- module by 

(h-f)(x) := f(h-x). 

The decomposition of T(X, O) into one-dimensional subrcpresentations makes it 
into a X(ff)-graded algebra: 

T(X,0) = T(X,0) x , T{X,0) x := {f eT(X t O); f(h-x) = x(h)f(x)}. 

xeX(H) 

Again this construction is functorial. If (ip, ip) is a morphism from an if- variety X 
to an if'-variety X', then (<p*,tp*) is a morphism of the associated graded algebras. 
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Theorem 2.2.4. We have contravariant functors being essentially inverse to each 
other: 



{graded affine algebras} 



{affine varieties with quasitorus action] 



A i v Spec A, 
{i/>,i>) i y (Spec V, Spec K[^]) 

T(X,0) <-. X, 

Under these equivalences the graded homomorphisms correspond to the equivariant 
morphisms. 

We use this equivalence of categories to describe some geometry of a quasitorus 
action in algebraic terms. The first basic observation is the following. 

Proposition 2.2.5. Let A be a K-graded affine algebra and consider the action of 
H = SpecK[A'] on X = Spec A. Then for any closed subvariety Y C X and its 
vanishing ideal I C A, the following statements are equivalent. 

(i) The variety Y is H -invariant. 

(ii) The ideal I is homogeneous. 

Moreover, if one of these equivalences holds, then one has a commutative diagram 
of K-graded homomorphisms 



T(X,0) 

f^f\Y 

T(Y, O) - 



A 



A/I 



We turn to orbits and isotropy groups. First recall the following fact on general 
algebraic group actions, see e.g. [881 Section II. 8. 3]. 



Proposition 2.2.6. Let G be an algebraic group, X a G -variety, and let x € X. 
Then the isotropy group G x C G is closed, the orbit G-x C X is locally closed, and 
one has a commutative diagram of equivariant morphisms of G-varieties 



G/G x 




gG^gx 



Moreover, the orbit closure G-x is the union of G-x and orbits of strictly lower 
dimension and it contains a closed orbit. 



Definition 2.2.7. Let A be a K- graded affine algebra and consider the action of 
H = SpecK[A"] on X = Spec A. 

(i) The orbit monoid of x £ X is the submonoid S x C K generated by all 
w £ K that admit a function / £ A w with f(x) =/= 0. 

(ii) The orbit group of x € X is the subgroup K x C K generated by the orbit 
monoid S x C K . 
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Proposition 2.2.8. Let A be a K-graded affine algebra, consider the action of 
H = SpccK[/v] on X = Spec A and let x G X. Then there is a commutative 
diagram with exact rows 







K/K x > 



0- 



■ X(H/H X 







where i: H x — > H denotes the inclusion of the isotropy group and ir: H — > H/H x 
the projection. In particular, we obtain H x = Spec K.[K/ K x ] . 




Proof. Replacing X with H ■ x does not change K x . Moreover, take a homo- 
geneous / G A vanishing along H ■ x\H ■ x but not at x. Then replacing X with Xf 
does not affect K x . Thus, we may assume that X = H x holds. Then the weight 
monoid of the H- variety H-x is K x and by the commutative diagram 



H/H x 



we see that w* (K(H / H x )) consists precisely of the characters x w with w G K X) 
which gives the desired diagram. □ 

Proposition 2.2.9. Let A be a K-graded affine algebra, consider the action of 
H = SpecK[if] on X — Spec A and let x G X. Then the orbit closure H-x comes 
with an action of H/H x , and there is an isomorphism H-x = SpecK[S , 2; ] of H/H x - 
varieties. 



H-x 



PROOF. Write for short Y := H-x and V := H-x. Then V C Y is an affine 
open subset, isomorphic to H/H x , and we have a commutative diagram 

— K^] 



K[S X ] 



r(v, o) 

T{Y, O) 

of graded homomorphisms, where the horizontal arrows send a homogeneous / of 
degree w to f{x)\ w - The assertion is part of this. □ 

Proposition 2.2.10. Let A be an integral K-graded affine algebra and consider the 
action of H = SpecK[iT] on X = Spec A. Then there is a nonempty invariant open 
subset U C X with 

S x = S(A), K x = K(A) forallxeU. 

Proof. Let /i, . . . , f r be homogeneous generators for A. Then the set [/CI 
obtained by removing the zero sets V{X, /j) from X for i = 1, . . . , r is as wanted. □ 



Recall that an action of a group G on a set X is said to be effective if g • x = x 
for all x G X implies g = cq. 

Corollary 2.2.11. Let A be an integral K-graded affine algebra and consider the 
action of H — Spec K[if] on X = Spec A. Then the action of H on X is effective 
if and only if K = K (A) holds. 
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2.3. Good quotients. We summarize the basic facts on good quotients. Ev- 
erything takes place over an algebraically closed field K of characteristic zero. Be- 
sides varieties, we consider more generally possibly non-separated prevarieties. By 
definition, a (K-) prevariety is a space X with a sheaf Ox of K- valued functions 
covered by open subspaces X\, . . . , X r , each of which is an affine (K-) variety. 

Let an algebraic group G act on a prevariety X, where, here and later, we 
always assume that this action is given by a morphism GxI^I. Recall that 
a morphism (p: X — > Y is said to be G-invariant if it is constant along the orbits. 
Moreover, a morphism cp: X — > Y is called affine if for any open affine V C Y 
the preimage (p~ l {V) is an affine variety. When we speak of a reductive algebraic 
group, we mean a not necessarily connected affine algebraic group G such that every 
rational representation of G splits into irreducible ones. 

Definition 2.3.1. Let G be a reductive algebraic group G act on a prevariety X . 
A morphism p : X — > Y of prevarieties is called a good quotient for this action if it 
has the following properties: 

(i) p: X — > Y is affine and G-invariant, 

(ii) the pullback p* : Oy — > (p*Ox) G is an isomorphism. 

A morphism p : X — > Y is called a geometric quotient if it is a good quotient and 
its fibers are precisely the G-orbits. 

Remark 2.3.2. Let X = Spec^4 be an affine G-variety with a reductive alge- 
braic group G. The finiteness theorem of Classical Invariant Theory ensures that 
the algebra of invariants A G C A is finitely generated [1001 Section II. 3. 2]. This 
guarantees existence of a good quotient p: X — > Y, where Y := Spec^4 G . The 
notion of a good quotient is locally modeled on this concept, because for any good 
quotient p' : X' — > Y' and any affine open V C Y 1 the variety V is isomorphic to 
SpecT(p'~ 1 (V),0) G , and the restricted morphism p' _1 (V r ) — > V is the morphism 
just described. 

Example 2.3.3. Consider the K*-action t ■ (z, w) = (t a z, t b w) on K 2 . The following 
three cases are typical. 

(i) We have a = b = 1. Every K*-invariant function is constant and the 
constant map p: K 2 — > {pt} is a good quotient. 




(ii) We have a = and 6 = 1. The algebra of K*-invariant functions is 
generated by z and the map p: K 2 — > K, (z, w) H> z is a good quotient. 




(iii) We have a = 1 and b = — 1. The algebra of K*-invariant functions is 
generated by zw and p: K 2 — > K, (z, w) h-> zw is a good quotient. 
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Note that the general p-fiber is a single K*-orbit, whereas p 1 (0) consists 
of three orbits and is reducible. 

Example 2.3.4. Let A be a if-graded afhnc algebra. Consider a homomorphism 
ip: K — > L of abelian groups and the coarsified grading 

A = A UJ A u = A w . 

Then the diagonalizable group H = SpecK[L] acts on X = Spec A, and for the 
algebra of invariants we have 

A = A w . 

'(rGkcr(V') 

Note that in this special case, Proposition 11.2.21 ensures finite generation of the 
algebra of invariants. 

Example 2.3.5 (Veronese subalgcbras). Let A be a if-gradcd affine algebra and 
L C K a subgroup. Then we have the corresponding Veronese subalgebra 

B = A w C A„j = vl. 

By the preceding example, the morphism Spec A — > Spec B is a good quotient for 
the action of SpccK[K/ L] on Spec A. 

We list basic properties of good quotients. The key to most of the statements 
is the following central observation. 

Theorem 2.3.6. Let a reductive algebraic group G act on a prevariety X . Then 
any good quotient p: X — > Y has the following properties. 

(i) G-closedness: If Z C X is G-invariant and closed, then its image p{Z) C 
Y is closed. 

(ii) G-separation: If Z, Z' C X are G-invariant, closed and disjoint, then 
p{Z) and p(Z') are disjoint. 

Proof. Since p: X — > Y is affine and the statements are local with respect 
to Y, it suffices to prove them for affine X. This is done in |10Q[ Section II.3.2], 
or [1301 Theorems 4.6 and 4.7]. □ 

As an immediate consequence, one obtains basic information on the structure 
of the fibers of a good quotient. 

Corollary 2.3.7. Let a reductive algebraic group G act on a prevariety X , and let 
p: X — > Y be a good quotient. Then p is surjective and for any y £ Y one has: 

(i) There is exactly one closed G-orbit G-x in the fiber p (y). 

(ii) Every orbit G-x' C p~ 1 (y) has G-x in its closure. 

The first statement means that a good quotient p: X — > Y parametrizes the 
closed orbits of the G-prevaricty X. 
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Corollary 2.3.8. Let a reductive algebraic group G act on a prevariety X , and let 
p: X — > y be a good quotient. 

(i) The quotient space Y carries the quotient topology with respect to the map 

p: X ->-y. 

(ii) For every G-invariant morphism of prevarieties ip: X — > Z, there is a 
unique morphism ip: Y — > Z with tp = ip o p. 

Proof. The first assertion follows from Theorem 12.3.61 (i). The second one 
follows from Corollary I2.3.7[ Property 12.3.11 (ii) and the first assertion. □ 

A morphism p : X — > Y with the last property is also called a categorical quo- 
tient. The fact that a good quotient is categorical implies in particular, that 
the good quotient space is unique up to isomorphy. This justifies the notation 
X —> X//G for good and X X/G for geometric quotients. 

Proposition 2.3.9. Let a reductive algebraic group G act on a prevariety X , and 
let p: X — > y be a good quotient. 

(i) Let V C y be an open subset. Then the restriction p: p _1 (y) — > V is a 
good quotient for the restricted G-action. 

(ii) Let Z C X be a closed G-invariant subset. Then the restriction p: Z — > 
p(Z) is a good quotient for the restricted G-action. 

Proof. The first statement is clear and the second one follows immediately 
from the corresponding statement on the affine case, see |100[ Section II.3.2]. □ 

Example 2.3.10 (The Proj construction). Let A = ®Ad be a Z>o-graded affine 
algebra. The irrelevant ideal in A is defined as 

A>o : = (/; / e A d for some d > 0) C A. 

For any homogeneous / G A>o the localization Af is a Z-gradcd affine algebra; 
concretely, the grading is given by 

Af = ®{A f ) d , (A f ) d := {h/f e A f ; deg(h) -ldeg(f) = d}. 

In particular, we have the, again finitely generated, degree zero part of At; it is 
given by 

A (f) := (A f ) = {h/f&Af, deg(fc) = fdeg(/)}. 

Set X := Spec(A) and Yq := Spec(Ao), and, for a homogeneous / G A>o, set 
Xf := Spec^4/ and Uf := SpecA(^). Then, for any two homogeneous f,g G A>o, 
we have the commutative diagrams 

Af Afg Ag Xf ^ Xfg >" Xg 




where the second one arises from the first one by applying the Spec-functor. The 
morphisms Uf g — > Uf are open embeddings and gluing the Uf gives the variety 
y = Proj(A). With the zero set F := V(X,A >0 ) of the ideal A >0 , we have 
canonical morphisms, where the second one is projective: 



x \ f y — y 
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Geometrically the following happened. The subset F C X is precisely the fixed point 
set of the K*-action on X given by the grading. Thus, K* acts with closed orbits 
on W := X \ F. The maps Xf — > Uf are geometric quotients, and glue together to 
a geometric quotient it: W — > Y. Moreover, the K*-equivariant inclusion W C X 
induces the morphism of quotients Y — > Yq. 

3. Divisorial algebras 

3.1. Sheaves of divisorial algebras. We work over an algebraically closed 
field K of characteristic zero. We will not only deal with varieties over K but more 
generally with pre varieties. 

Let X be an irreducible prevariety. The group of Weil divisors of X is the free 
abelian group WDiv(X) generated by all prime divisors, i.e., irreducible subvarieties 
D C X of codimension one. To a non-zero rational function / € K(X)* one 
associates a Weil divisor using its order along prime divisors D; recall that, if / 
belongs to the local ring Ox.d, then ordrj(f) is the length of the Ox,D-modulc 
Ox, d /(f), and otherwise one writes / = g/h with g,h G Ox,d and defines the 
order of / to be the difference of the orders of g and h. The divisor of / 6 K(X)* 
then is 

div(/) := ord D (f)-D. 

D prime 

The assignment / i-> div(/) is a homomorphism K(X)* — > WDiv(X), and its image 
PDiv(X) C WDiv(X) is called the subgroup of principal divisors. The divisor class 
group of X is the factor group 

C\(X) := WDiv(X) / PDiv(X). 

A Weil divisor D = a\D\ + . . . + a s D s with prime divisors Di is called effective, 
denoted as D > 0, if a, > holds for i = 1, . . . , s. To every divisor D S WDiv(X), 
one associates a sheaf Ox{D) of Ox-modules by defining its sections over an open 
[/Clas 

T(U,Ox(D)) := {/eKpQ*; (div(/) + D)\ v > 0} U {0}, 

where the restriction map WDiv(X) — » WDiv(t/) is defined for a prime divisor 
as D\u := D fl if it intersects (7 and -D|[/ := otherwise. Note that for any two 
functions fx G r(J7, Ox(-Di)) and / 2 G r(J7, Ox(D 2 )) the product /i/ 2 belongs to 

r(c/,o x (-Di + £i 2 )). 

Definition 3.1.1. The sheaf of divisorial algebras associated to a subgroup K C 
WDiv(X) is the sheaf of if-graded Ox-algebras 

S : = ^ : = °x(D), 

where the multiplication in 5 is defined by multiplying homogeneous sections in the 
field of functions K.(X). 

Example 3.1.2. On the projective line X = Pi, consider D := {oo}, the group 
K := ZD, and the associated X-graded sheaf of algebras S. Then we have isomor- 
phisms 

p„:K[T ,Ti]„ -> r(P 1 ,5„ D ), / ^ /(l,z), 

where K[To,Ti]„ C K[To,Ti] denotes the vector space of all polynomials homoge- 
neous of degree n. Putting them together we obtain a graded isomorphism 

K[T , Ti] = r(P!,5). 
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Fix a normal (irreducible) prevariety A, a subgroup K C WDiv(A) on the 
normal prevariety A and let S be the associated divisorial algebra. We collect first 
properties. 

Remark 3.1.3. If y C {/ C X are open subsets such that U \ V is of codimension 
at least two in U, then we have an isomorphism 

T(U,S) T{V,S). 

In particular, the algebra T(U,S) equals the algebra T(U Ye g,S), where U rcg C J7 
denotes the set of smooth points. 

Remark 3.1.4. Assume that D±, . . . ,D S is a basis for if C WDiv(A) and suppose 
that U C 1 is an open subset on which each Di is principal, say Di = div(/,). 
Then, with deg(Tj) = Di and /-~ G T(X,Sr> i ), we have a graded isomorphism 

T(U, O) ® K K[T?\ . . . , T± x ] -> r(C7, S), 3 ® Tf • • • T? h> ff /f^ • • • /,-"• . 

Remark 3.1.5. If A' is of finite rank, say s, then the algebra T(X,S) of global 
sections can be realized as a graded subalgebra of the Laurent polynomial algebra 
K(A)[T 1 ±1 , . . . , T* 1 ]. Indeed, let D x , . . . , D s be a basis for K. Then we obtain a 
monomorphism 

T(X,S) -> KpOpf 1 ,...,^ 1 ], r(I,5 olDl+ ... +oA )9/ ^ fT^.-.T^. 

In particular, r(A, 5) is an integral ring and we have an embedding of the associated 
quotient fields 

Quot(r(X,5)) -> K(A)(Ti, . . . ,T a ). 

For quasiaffinc A, we have ~K(X) C Quot(r(A, 5)) and for each variable Ti there is 
a non-zero function G r(A, iSdJ. Thus, for quasiaffine A, one obtains 

Quot(r(X,5)) S K(X)(T l5 ...,T s ). 

The support Supp(-D) of a Weil divisor Z? = aiZ?i + . . . + a s D s with prime 
divisors Di is the union of those Di with a; ^ 0. Moreover, for a Weil divisor D 
on a normal prevariety X and a non-zero section / G r(A, Ox(-D)), we define the 
D-divisor and the D -localization 

div D (/) := div(/)+Z> G WDiv(A), A A/ := A \ Supp(div D (/)) C X 

The D-divisor is always effective. Moreover, given sections / G r(A, Ox(-D)) and 
.9 G r(A,O x (£)), we have 

div D+E (fg) = div D (/) + div B ( 5 ), /- 1 G T{X DJl O x {-D)). 

Remark 3.1.6. Let D G K and consider a non-zero homogeneous section / G 
T(X,Sd)- Then one has a canonical isomorphism of A"- graded algebras 

r(x DJ ,s) s r(jr,5)/. 

Indeed, the canonical monomorphism r(A, 5)/ — > r(X_D > /,5) is surjective, because 
for any g G T(Xdj,Se), we have gf m G r(A,<S m £i+£;) with some m G Z> . 

3.2. The relative spectrum. Again we work over an algebraically closed field 
IK of characteristic zero. Let A be a normal prevariety. As any quasicoherent sheaf of 
Ox-algebras, the sheaf of divisorial algebras S associated to a group K C WDiv(A) 
of Weil divisors defines in a natural way a geometric object, its relative spectrum 
X := Spec x <S. We briefly recall how to obtain it. 

Construction 3.2.1. Let S be any quasicoherent sheaf of reduced Ox-algebras on 
a prevariety A, and suppose that S is locally of finite type, i.e., A is covered by 
open affine subsets Ai, . . . ,X T C A with T(Xi,S) finitely generated. Cover each 
intersection Ay := A.; n Xj by open subsets (Aj)/ , where fijk G r(A;, O). Set 
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Xi := SpccT(Xi,S) and let Xij C Xi be the union of the open subsets (Xi)f ijk . 
Then we obtain commutative diagrams 

Xi - - - Xji - Xj 



J\_i ■< -^-ij ji ^~ A-j 

This allows us to glue together the Xi along the Xij, and we obtain a prcvaricty 
X = Spccjf S coming with a canonical morphism p : X — > X . Note that (Os ) = S 
holds. In particular, T(X,0) equals T(X, S). Moreover, the morphism p is affinc 
and X is separated if X is so. Finally, the whole construction does not depend on 
the choice of the Xi. 

Before specializing this construction to the case of our sheaf of divisorial algebras 
S on X , we provide two criteria for S being locally of finite type. The first one is 
an immediate consequence of Remark 13.1.61 

Proposition 3.2.2. Let X be a normal prevariety, K C WDiv(X) a finitely gener- 
ated subgroup, and S the associated sheaf of divisorial algebras. IfT{X,S) is finitely 
generated and X is covered by affine open subsets of the form Xjjj, where D G K 
and f €E T(X,Sd), then S is locally of finite type. 

A Weil divisor D e WDiv(X) on a prevariety X is called Cartier if it is locally a 
principal divisor, i.e., locally of the form D = div(f) with a rational function /. The 
prevariety X is locally factorial, i.e., all local rings Ox,x are unique factorization 
domains if and only if every Weil divisor of X is Cartier. Recall that smooth 
prevarieties are locally factorial. More generally, a normal prevariety is called Q- 
factorial if for any Weil divisor some positive multiple is Cartier. 

Proposition 3.2.3. Let X be a normal prevariety and K C WDiv(X) a finitely 
generated subgroup. If X is ^-factorial, then the associated sheaf S of divisorial 
algebras is locally of finite type. 

Proof. By Q-factoriality, the subgroup K° C K consisting of all Cartier di- 
visors is of finite index in K. Choose a basis D\, . . . ,D S for K such that with 
suitable a, > the multiples aiDi, where 1 < i < s, form a basis for K°. Moreover, 
cover X by open affinc subsets X x, , . , , X r C X such that for any D <E K° all re- 
strictions D\ Xi are principal. Let S° be the sheaf of divisorial algebras associated 
to K°. Then T(Xi,S°) is the Veronese subalgebra of T(Xi,S) defined by K° C K. 
By Remark 13.1.41 the algebra T(Xi,S°) is finitely generated. Since K° C K is 
of finite index, we can apply Proposition 11.2.41 and obtain that T(Xi,S) is finitely 
generated. □ 

Construction 3.2.4. Let X be a normal prevariety, K C WDiv(X) a finitely 
generated subgroup and <S the associated sheaf of divisorial algebras. We assume 
that S is locally of finite type. Then, in the notation of Construction 13.2. 1[ the 
algebras T(Xi, S) are if-graded. This means that each affine variety Xj comes with 
an action of the torus H := SpccK[A"], and, because of £o = Ox, the canonical 
map Xi — > Xi is a good quotient for this action. Since the whole gluing process 
is equivariant, we end up with an _£T-prevariety X = Spec^iS and p: X — > X is a 
good quotient for the i/-action. 

Example 3.2.5. Consider once more the projective line X = Pi, the group K := 
"ZD, where D := {oo}, and the associated sheaf S of divisorial algebras. For the 
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affinc charts X = K and Xi = K* U {00} we have the graded isomorphisms 
Kp^.Ti] -> T(X ,S), K[T ±1 ,T 1 ] n 9/ ^ e r(I ,5 nD ), 

Kpo,^ 1 ] -> r(Xi,5), K[T ,ri fcl ] n 9/ ^ /(«,l)Gr(Jfi,5^,). 

Thus, the corresponding spectra are and Ky. . The gluing takes place along 
(IK*) 2 and gives X = K 2 \ {0}. The action of IK* = SpccK[^] on X is the usual 
scalar multiplication. 

The above example fits into the more general context of sheaves of divisorial 
algebras associated to groups generated by a very ample divisor, i.e., the pullback 
of a hypcrplane with respect to an embedding into a projective space. 

Example 3.2.6. Suppose that X is projective and K = ZD holds with a very 
ample divisor D on X. Then T(X, S) is finitely generated and thus we have the 
affine cone X := Spec T(X, S) over X. It comes with a K*-action and an attractive 
fixed point To £ X, i.e., xq lies in the closure of any K*-orbit. The relative spectrum 
X = Spec x S equals X \ {xo}- 

Remark 3.2.7. In the setting of 13.2.41 let U C X be an open subset such that 
all divisors D G K arc principal over U . Then there is a commutative diagram of 
-ff-equivariant morphisms 

p _1 (C/) >■ H x U 




U 



where H acts on H x U by multiplication on the first factor. In particular, if K 
consists of Cartier divisors, e.g. if X is locally factorial, then X — > X is a locally 
trivial iJ-principal bundle. 

Proposition 3.2.8. Situation as in Construction \372.4\ The prevariety X is nor- 
mal. Moreover, for any closed A C X of codimension at least two, p~ 1 (A) C X is 
as well of codimension at least two. 

Proof. For normality, we have to show that for every affine open U C X the 
algebra T(p~ 1 {U), O) is a normal ring. According to Remark |3. 1. 31 we have 

T{p-\U),0) = T{p-\U Ie& ),0). 

Using Remark 13. 1.41 we see that the latter ring is normal. The supplement is then 
an immediate consequence of Remark 13.1.31 □ 

3.3. Unique factorization in the global ring. Here we investigate divis- 
ibility properties of the ring of global sections of the sheaf of divisorial algebras 
S associated to a subgroup K C WDiv(X) on a normal prevariety X. The key 
statement is the following. 

Theorem 3.3.1. Let X be a smooth prevariety, K C WDiv(X) a finitely generated 
subgroup, S the associated sheaf of divisorial algebras and X = Spec^ S. Then the 
following statements are equivalent. 

(i) The canonical map K —± C\(X) is surjective. 

(ii) The divisor class group Cl(X) is trivial. 
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We need a preparing observation concerning the pullback of Carticr divisors. 
Recall that for any dominant morphism ip: X — > Y of normal prevaricties, there 
is a pullback of Cartier divisors: if a Cartier divisor E on Y is locally given as 
E = div(g), then the pullback divisor <p*(E) is the Cartier divisor locally defined 
by div(ip*(g)). 

Lemma 3.3.2. Situation as in Construction \3JL4\ Suppose that D G K is Cartier 
and consider a non-zero section f G T(X,Sd)- Then one has 

p*(D) = div(/)-p*(div(/)), 

where on the right hand side f is firstly viewed as a homogeneous function on X , 
and secondly as a rational function on X . In particular, p*(D) is principal. 

Proof. On suitable open sets Ui C X, we find defining equations ff for D 
and thus may write / = hifi, where hi G T(Ui,So) = T(Ui,0) and fa G r(Ui,So)- 
Then, onj) _1 ([/i), we have p* (hi) = hi and the function /j is homogeneous of degree 
D and invertible. Thus, we obtain 

p*(D) = p*(div(/)+U)-p*(div(/)) 
= p*(div(hi))-p*(div(/)) 

= div(/ii)-p*(div(/)) 
= div(^/<)-p*(cliv(/)) 
= div(/)-p*(div(/)). 

□ 

We are almost ready for proving the Theorem. Recall that, given an action of 
an algebraic group G on a normal prevariety X, we obtain an induced action of G 
on the group of Weil divisors by sending a prime divisor DCX to g-DCX. In 
particular, we can speak about invariant Weil divisors. 

Proof of Theorem 13.3.11 Suppose that (i) holds. It suffices to show that 
every effective divisor D on X is principal. We work with the action of the torus 
H = SpecK[_ftT] on X. Choosing an ii-lincarization of D, see [951 Section 2.4], 
we obtain a representation of H on T(X,0^(D)) such that for any section / G 
r(X,0%(D)) one has 

div 5 (h-f) = h-dW B (f). 

Taking a non-zero /, which is homogeneous with respect to this representation, 
we obtain that D is linearly equivalent to the H- invariant divisor div^(/). This 
reduces the problem to the case of an invariant divisor D; compare also [9l Theo- 
rem 4.2]. Now, consider any invariant prime divisor D on X. Let D := p(D) be 
the image under the good quotient p: X —> X. Remark [3.2.71 gives D = p*(D). 
By assumption, D is linearly equivalent to a divisor D' G K. Thus, D is linearly 
equivalent to p* (£)'), which in turn is principal by Lemma 13.3.21 

Now suppose that (ii) holds. It suffices to show that any effective D G WDiv(X) 
is linearly equivalent to some D 1 G K . The pullback p*(D) is the divisor of some 
function / G T(X, O). We claim that / is if-homogencous. Indeed 

F:HxX -> K, (h,x) ^ f(h-x)/f(x) 

is an invertible function. By Roscnlicht's Lemma 1961 Section 1.1], we have 
F(h,x) = x(h)g(x) with x e X(H) and g G T(X, O*). Plugging (l,x) into F yields 
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9=1 and, consequently, f{h-x) = x(ti)f{x) holds. Thus, we have / £ T(X, Sjj') 
for some D' £ K. Lemma T3.3.2I gives 

p*(D) = div(/) = p*(D>)+p*(div(f)), 

where in the last term, / is regarded as a rational lunction on X. We conclude 
D = D' + div(/) on X. In other words, D is linearly equivalent to D' £ K . □ 

As an immediate consequence, we obtain lactoriality of the ring of global sec- 
tions provided K — > C1(X) is surjective, see also [28], |68j and |15j . 

Theorem 3.3.3. Let X be a normal prevariety, K C WDiv(X) a finitely generated 
subgroup and S the associated sheaf of divisorial algebras. If the canonical map 
K — > C1(A) is surjective, then the algebra T(X,S) is a unique factorization domain. 

Proof. According to Remark l3.1.31 the algebra T(X, S) equals r(A rog ,£>) and 
thus we may apply Theorem 13.3. II □ 

Divisibility and primality in the ring of global sections T(X, iS) can be charac- 
terized purely in terms of X . 

Proposition 3.3.4. Let X be a normal prevariety, K C WDiv(A) a finitely gen- 
erated subgroup projecting onto C\{X) and let S be the associated sheaf of divisorial 
algebras. 

(i) An element 0^/6 Y{X,Sd) divides an element ^ j £ T(X,Se) if 
and only j/div£>(/) < divs(f/) holds. 

(ii) An elements ^ f £ Y(X,Sd) is prime if and only if the divisor div £>(/) £ 
WDiv(A) is prime. 

Proof. We may assume that X is smooth. Then X — Spcc x S exists, and 
Lemma 15 .3. 2 1 reduces (i) and (ii) to the corresponding statements on regular func- 
tions on X, which in turn are well known. □ 

3.4. Geometry of the relative spectrum. We collect basic geometric prop- 
erties of the relative spectrum of a sheaf of divisorial algebras. We will use the 
following pullback construction for Weil divisors. 

Remark 3.4.1. Consider any morphism tp: X — > X of normal prevarieties such 
that the closure of X \ ip(X) is of codimension at least two in X. Then we may 
define a pullback homomorphism for Weil divisors 

ip* : WDiv(A) -> WDiv(X) 

as follows: Given D £ WDiv(AT), consider its restriction D' to X leg , the usual 
pullback <p*(D') of Cartier divisors on ip~ 1 (X Icg ) and define <p*(D) to be the Weil 
divisor obtained by closing the support of <p*(D'). Note that we always have 

Supp^p)) C ^-^Suppp)). 

If for any closed A C X of codimension at least two, ip~ 1 (A) C X is as well of 
codimension at least two, then ip* maps principal divisors to principal divisors, and 
we obtain a pullback homomorphism 

p*: C1(X) -> C1(A). 

Example 3.4.2. Consider X = V(K A ; T{T 2 - T 3 T A ) and X = K 4 . Then we have 
a morphism 

p: X ->■ X, z i y (z 1 Z2,z 3 Z4,ziZ3,Z2Z4 : ). 
For the prime divisor D = Ix0xKx0onJ, we have 

Supp(p*(C)) = V{X;Z 4 ) C V(X;Z i )UV(X;Z 2 ,Z 3 ) = p" 1 (Supp(D)) . 
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In fact, p: X — > X is the morphism determined by the sheaf of divisorial algebras 
associated to K = ID. 

We say that a prevaricty X is of affine intersection if for any two affine open 
subsets U, U 1 C X the intersection UP\U' is again affine. For example, every variety 
is of affine intersection. Note that a prevariety X is of affine intersection if it can be 
covered by open affine subsets Xi, . . . , X s C X such that all intersections Xi n Xj 
are affine. Moreover, if X is of affine intersection, then the complement of any affine 
open subset U C X is of pure codimension one. 

Proposition 3.4.3. In the situation of \3. 2.4\ consider the pullback homomorphism 
p* : WDiv(X) — > WDiv(X) defined in \3.4-l\ Then, for every D G K and every 
non-zero f G Y(X,Sd), we have 

div(/) = p*(div D (f)), 

where on the left hand side f is a function on X , and on the right hand side a 
function on X . If X is of affine intersection and XdJ is affine, then we have 
moreover 

Supp(div(/)) = p _1 (Supp(div£>(/))). 

Proof. By Lemma [3.3.21 the first equation holds on p~ 1 (X Teg ). By Proposi- 
tion 13223 the complement X \ p~ 1 (X Icg ) is of codimension at least two and thus 
the first equation holds on the whole X. For the proof of the second one, consider 

X DJ = X\Supp(div D (/)), X f = X\V(XJ). 

Then we have to show that p~ 1 (Xuj) equals Xf. Since / is invertible onp~ 1 (Xf) j), 
we obtain p^ 1 (Xf)j) C Xf. Moreover, Lemma \3 . 3 . 2 1 yields 

p-\x D j) n p-^Xnz) = i/np- 1 ^). 

Thus the complement Xf \ p~ 1 (Xf)j) of the affine subset p~ x (Xuj) C Xf is of 
codimension at least two. Since p: X — > X is affine, the prevariety X inherits the 
property to be of affine intersection from X and hence Xf \ p^ 1 (Xrjj) must be 
empty. □ 

Corollary 3.4.4. Situation as in Construction \5~2.4\ Let x G X be a point such 
that H-x C X is closed, and let ^ f G Y(X,Sr>)- Then we have 

f(x) = p(x) G Supp(div D (/)). 

Proof. Remark f3 . 4 . 1 1 and Proposition [3X31 show that p(Supp(div(/))) is con- 
tained in Supp(div £>(/)). Moreover, they coincide along the smooth locus of X and 
Theorem 12.3.61 ensures that p(Supp(div(/))) is closed. This gives 

p(Supp(div(/))) = Supp(divu(/)). 

Thus, f(x) = implies p(x) G Supp(div £>(/))• If pix) G Supp(divD(/)) holds, then 
some x' G Supp(div(/)) lies in the p-fiber of x. Since H-x is closed, it is contained 
in the closure of H-x' , see Corollarv l2.3.7l This implies x G Supp(div(/)). □ 

Corollary 3.4.5. Situation as in Construction \3.2.4\ If X is of affine inter- 
section and covered by affine open subsets of the form Xjjj, where D G K and 
f G T{X,Sd), then X is a quasiaffine variety. 

Proof. According to Proposition 13.4.31 the prevariety X is covered by open 
affine subsets of the form Xf and thus is quasiaffine. □ 

Corollary 3.4.6. Situation as in Construction \3~2~4\ If X is of affine intersection 
and K — > C\(X) is surjective, then X is a quasiaffine variety. 
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Proof. Cover X by affine open sets Xi,..., X r . Since X is of affine intersec- 
tion, every complement X\Xi is of pure codimcnsion one. Since A — > C1(A) is sur- 
jective, we obtain that X\Xi is the support of the D-divisor of some / G T(X, Sd)- 
The assertion thus follows from Corollary 13.4.51 □ 

Proposition 3.4.7. Situation as in Construction ^. 2^4\ For x G X , let K® C A be 

the subgroup of divisors that are principal near x and let x G p~ l {x) be a point with 
closed H -orbit. Then the isotropy group H% C H is given by = SpecK[A/A°]. 

Proof. Replacing X with a suitable affine neighbourhood of x, we may assume 
that X is affine. By Proposition ^. 2.8l the isotropy group is Spec K.[K/K%] with 
the orbit group 

K s = (D G A'; f(x) ± for some / G T(X,S D )) C K. 

Using Corollary I3.4.4L we obtain that there exists an / G T{X,Sd) with fix) ^ 
if and only if D G holds. The assertion follows. □ 

Corollary 3.4.8. Situation as in Construction ^ '.2J\ 

(i) If X is locally factorial, then H acts freely on X. 

(ii) If X is ^-factorial, then H acts with at most finite isotropy groups on X. 

4. Cox sheaves and Cox rings 

4.1. Free divisor class group. As before, we work over an algebraically 
closed field K of characteristic zero. We introduce Cox sheaves and Cox rings for 
a prevariety with a free finitely generated divisor class group. As an example, we 
compute in 14.1.61 the Cox ring of a non-separated curve, the projective line with 
multiplcd points. 

Construction 4.1.1. Let A be a normal prevariety with free finitely generated 
divisor class group C1(A). Fix a subgroup A C WDiv(A) such that the canonical 
map c: K —> C1(A) sending D G K to its class [D] G C1(A) is an isomorphism. Wc 
define the Cox sheaf associated to K to be 

K ~ n [D] , K [D] := O x (D), 

[D]eci(x) 

where D G K represents [D] G C1(A) and the multiplication in 1Z is defined by 
multiplying homogeneous sections in the field of rational functions K(A). The sheaf 
TZ is a quasicoherent sheaf of normal integral Ox-algebras and, up to isomorphy, it 
does not depend on the choice of the subgroup K C WDiv(A). The Cox ring of A 
is the algebra of global sections 

n{X) := n [D] (X), n [D] (x) ~ t{x,o x (d)). 

[D]eci(x) 

Proof of Construction 14.1.11 Given two subgroups K, K' c WDiv(A) 
projecting isomorphically onto C1(A), we have to show that the corresponding 
sheaves of divisorial algebras TZ and TZ 1 are isomorphic. Choose a basis D\, . . . , D s 
for K and define a homomorphism 

r,: K -> K(A)*, a 1 D 1 + . . . + a s D s ^ ft 1 • ~ ft' , 

where /i, . . . , f s G K(A)* are such that the divisors Di — div(/,) form a basis of A''. 
Then we obtain an isomorphism (?/>, ip) of the sheaves of divisorial algebras TZ and 
TZ' by setting 

->• K', D i— > -div(»?(£))) + D, 

i'-.TZ -> TV, T(U,TZ [D] )3f ^ r){D)f eT{U,n { r, D)] ). 
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□ 

Example 4.1.2. Let X be the projective space P„ and D C P„ be a hypcrplanc. 
The class of D generates C1(P„) freely. We take K as the subgroup of WDiv(P„) 
generated by D, and the Cox ring 1Z (P„) is the polynomial ring IK[z , z±, . . . , z n ] 
with the standard grading. 

Remark 4.1.3. If X C P„ is a closed normal subvariety whose divisor class group 
is generated by a hyperplane section, then 1Z(X) coincides with T(X,0), where 
X C K" +1 is the cone over X if and only if X is projectively normal. 

Remark 4.1.4. Let s denote the rank of C\(X). Then Remark 13.1.51 realizes the 
Cox ring TZ(X) as a graded subring of the Laurent polynomial ring: 

Jl(X) C K(X) [T^ 1 , Tf 1 ]. 

Using the fact that there are / € TZ[d](X) with Xjyj afhne and Remark 13.1.61 we 
see that this inclusion gives rises to an isomorphism of the quotient fields 

Quot(ft(X)) S K(X)(Tl,...,T.). 

Proposition 4.1.5. Let X be a normal prevariety with free finitely generated divisor 
class group. 

(i) The Cox ring 7Z{X) is a unique factorization domain. 

(ii) The units of the Cox ring are given by 1Z(X)* = T(X, O*). 

Proof. The first assertion is a direct consequence of Theorem l3.3.3l To verify 
the second one, consider a unit / 6 1Z(X)* . Then fg = 1 6 TZq(X) holds with some 
unit g £ 1Z(X)*. This can only happen, when / and g are homogeneous, say of 
degree [D] and — [D], and thus we obtain 

= divo(l) = div D (/)+div_ D (.g) = (div(/)+X>) + (div(ff)-X>). 

Since the divisors (div(/) + D) and (div(<?) — D) are effective, we conclude that 
D = -div(/). This means [D] = and we obtain / G T(X, O*). □ 

Example 4.1.6. Compare [85|, Section 2]. Take the projective line Pi, a tuple 
A = (do, ■ • ■ , a r ) °f pairwise different points a; £ Pi and a tuple n = (no, . . . ,n r ) of 
integers n t e Z>i. We construct a non-separated smooth curve Pi (A, n) mapping 
birationally onto Pi such that over each lie precisely rij points. Set 

*«:=Pi\U° fc > °<*< r > l<j<rii. 

Gluing the Xij along the common open subset Pi \ {ao, . . . , a r } gives an irreducible 
smooth prevariety Pi (A, n) of dimension one. The inclusion maps Xij — s- Pi define 
a morphism it: Pi (A, n) — > Pi, which is locally an isomorphism. Writing a^- for the 
point in Pi (A, n) stemming from a% £ Xij , we obtain the fibre over any a S Pi as 

_i . , f {an , . . . , aim } a = a l for some < i < r, 

tt [a) = i 

I {a} a at for all < i < r. 

We compute the divisor class group of Pi(^4,n). Let K' denote the group of 
Weil divisors on Pi (^4, n) generated by the prime divisors ay. Clearly K' maps onto 
the divisor class group. Moreover, the group of principal divisors inside K' is 



K' := A w nPDiv(Pi(A,n)) = { c ° 

0<i<r, 
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One directly checks that K' is the direct sum of K' and the subgroup K C K' 
generated by aoi, ■ • ■ , aon an d the an, . . . , aj ni _i. Consequently, the divisor class 
group of Pi (A, n) is given by 

"o r jrii — l \ 

Cl(Pi(A,n)) = 0Z-K-] © Z-[oy] . 

3=1 »=1 \3'=1 / 

We are ready to determine the Cox ring of the prevariety Pi (A, n) . For every 
< i < r, define a monomial 

T t := T a ■ ■ ■ T ini G K[Ty; < i < r, 1 < j < n<]. 

Moreover, for every G Pi fix a presentation at = [&j,Cj] with bi,Ci G K and for 
every < £ < r — 2 set A; = j + 1 = i + 2 and define a trinomial 

5i := (bjCk - b k Cj)Ti + (b k Ci - biC k )Tj + (biCj - bjCi)T k . 

We claim that for r < 1 the Cox ring 1Z (Pi (A, n)) is isomorphic to the polynomial 
ring K[Tij], and for r > 2 it has a presentation 

ft(Pi(A, n)) = K[T lf 0<i<r 7 l<j< n t ] / { 9l ; 0<t<r-2), 

where, in both cases, the grading is given by deg(Ty) = [oy]. Note that all relations 
are homogeneous of degree 

deg(gj) = [an + . . . + aim] = [a-oi + ■ ■ ■ + a 0no ]- 

Let us verify this claim. Set for short X := ¥i(A,n) and Y := Pi. Let K C 
WDiv(X) be the subgroup generated by all G X different from ai ni , . . . ,a rnj ., 
and let i C WDiv(F) be the subgroup generated by ao G Y. Then we may view the 
Cox rings 7Z.(X) and H(Y) as the rings of global sections of the sheaves of divisorial 
algebras Sx and Sy associated to K and L. The canonical morphism tt: X — > Y 
gives rise to injective pullback homomorphisms 

ir*:L -> K, tt*:T(Y,Sy) -> T(X,S X ). 

For any divisor G K, let Tij G r(X, Sx) denote its canonical section, i.e., 
the rational function f G T(X, Sx, aij )- Moreover, let [z,w] be the homogeneous 
coordinates on Pi and consider the sections 

b q w - Cl z 

Si := G r(Y,S Y ,a ), 0<i<r. 

bow — cqz 

Finally, set di ni := aoi + . . . + ao no ~ a n — ■ ■ ■ — fl ffli -i G K and define homogeneous 
sections 

T ini := w*Si(T a ••■T mi _i)- 1 G T(X,S x .d mi ), I < i < r. 

We show that the sections Ty, where < i < r and 1 < j < rij, generate the Cox 
ring 1Z(X). Note that we have 

diVayCTy) = fly, divd in . (T in J = a mi . 

Consider D G if and ft, G r(X, If there occurs an in divo(ft,), then we may 
divide ft in T(X, S) by the corresponding X^ , use Proposition 13.3.41 (i). Doing this 
as long as possible, we arrive at some ft' G T(X,Sd>) such that div£>/(ft') has no 
components atj. But then D' is a pullback divisor and hence ft' is contained in 

7r*(r(y,Sy)) = K[7r*So,7r*Si] = K[T 01 ---T 0no ,T 11 ---T lni ]. 

Finally, we have to determine the relations among the sections G T(X, Sx)- For 
this, we first note that among the Si G T(Y,Sy) we have the relations 

(bjCk-bkCj)Si + (pkCi-biCk)Sj + (b^ — bjCi)Sk =0, j = i + k = i + 2. 
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Given any nontrivial homogeneous relation F = (XiFi + . . . + Q-iFi = with ojj £ K 
and pairwise different monomials Fi in the T^-, we achieve by subtracting suitable 
multiples of pullbacks of the above relations a homogeneous relation 

F' = ot L F?ir*S% 1 ir*S[ 1 + . . . + a^F^-K* S% m n* S[ m = 
with pairwise different monomials F", none of which has any factor TT*Si- We show 
that F' must be trivial. Consider the multiplicative group M of Laurent monomials 
in the and the degree map 



M -> K, Tij i— > deg(T 4J ) = 




i = or j < rii — 1 , 
i > 1 and j = rij . 



The kernel of this degree map is generated by the Laurent monomials n* So/ir*Si, 
where 1 < i < r. The monomials of F' are all of the same if-degree and thus any 
two of them differ by a product of (integral) powers of the ir*Si. It follows that all 
the Fj coincide. Thus, we obtain the relation 

Qq7T Og 7T by + ... + a m TT b Q TT by™ = (J. 

This relation descends to a relation in T(Y, Sy), which is the polynomial ring 
K[So, Si]. Consequently, we obtain a[ = . . . = a' m = 0. 

4.2. Torsion in the class group. Again we work over an algebraically closed 
field K of characteristic zero. We extend the definition of Cox sheaf and Cox ring 
to normal prcvarieties X having a finitely generated divisor class group C\(X) with 
torsion. The idea is to take a subgroup K C WDiv(X) projecting onto C1(X), to 
consider its associated sheaf of divisorial algebras S and to identify in a systematic 
manner homogeneous components Sd and Sw, whenever D and D' are linearly 
equivalent. 

Construction 4.2.1. Let X be a normal prevariety with T(X,0*) = K* and 
finitely generated divisor class group C1(X). Fix a subgroup K C WDiv(X) such 
that the map c: K — > C\(X) sending D £ K to its class [D] £ C\(X) is surjective. 
Let K° C K be the kernel of c, and let \ '■ K° — >• K(X)* be a character, i.e. a group 
homomorphism, with 

div(x(F)) = E, for all £ £ K°. 

Let <S be the sheaf of divisorial algebras associated to K and denote by I the sheaf 
of ideals of S locally generated by the sections 1 — x(E), where 1 is homogeneous 
of degree zero, E runs through K° and x(E) is homogeneous of degree —E. The 
Cox sheaf associated to K and x is the quotient sheaf TZ := S/T together with the 
Cl(X)-grading 

n = n [D] , n [D] ■.= n( s D , I. 

[D]eCl(X) \£>'Gc-i([fl]) / 

where ir:S^>-7Z denotes the projection. The Cox sheaf TZ is a quasicoherent sheaf 
of Cl(X)-graded Ox-algebras. The Cox ring is the ring of global sections 

TZ(X) := K [D] (X), n [D] {X) := T(X,TZ [D] ). 

[D]ec\(x) 

For any open set [/CI, the canonical homomorphism T(U,S)/T(U,X) — > T(U,1Z) 
is an isomorphism. In particular, we have 

K(X) = T(X,S)/T(X,X). 

All the claims made in this construction will be verified as separate Lemmas 
in the next subsection. The assumption T(X, O*) = K* is crucial for the following 
uniqueness statement on Cox sheaves and rings. 
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Proposition 4.2.2. Let X be a normal prevariety withT(X,0*) = K* and finitely 
generated divisor class group Cl(X). If K,x an d K'tX' are data as in Construc- 
tion ^. 2^l\ then there is a graded isomorphism of the associated Cox sheaves. 

Also this will be proven in the next subsection. The construction of Cox sheaves 
(and thus also Cox rings) of a prevariety X can be made canonical by fixing a 
suitable point x 6 X. 

Construction 4.2.3. Let X be a normal prevariety with T(X, O*) = K* and 
finitely generated divisor class group C1(X). Fix a point x G X with factorial local 
ring Ox,x- For the subgroup 

K x := {D G WDiv(AT); x £ Supp(L>)} 

let S x be the associated sheaf of divisorial algebras and let K x, ° C K x denote the 
subgroup consisting of principal divisors. Then, for each E G K x < , there is a unique 
section fs G T(X,S~e), which is defined near x and satisfies 

div(/ B ) = E, f E {x) = 1. 

The map \ x '■ K x — > K(X)* sending E to f E is a character as in Construction l4.2.T1 
We call the Cox sheaf TZ X associated to K x and \ x the canonical Cox sheaf of the 
pointed space (X,x). 

Example 4.2.4 (An afihic surface with torsion in the divisor class group). Consider 
the two-dimensional affinc quadric 

X := V(K 3 ; T{T 2 - T 3 2 ) C K 3 . 

We have the functions fa := T^ x on X and with the prime divisors D\ := V(X; fi) 
and D 2 := V(X; f 2 ) on X, we have 

div(A) = 2D U div(/ 2 ) = div(/ 3 ) = D x +D 2 . 

The divisor class group Cl(AT) is of order two; it is generated by \D{\. For K := ZZ?i, 
let S denote the associated sheaf of divisorial algebras. Consider the sections 

g x :=l £ T(X,S Dl ), g 2 := hf^ 1 £ T{X,S Dl ), 

93-fi 1 G T(X,S 2Dl ), 54 :=/i G T(X,S_ 2Dl ). 

Then gx, g 2 generate T(X, Sd ± ) as a T(X, (So)-modulc, and (73, g^ are inverse to each 
other. Moreover, we have 

h = 9l9i, h = 52ff4, /3 = .91.92.94- 

Thus, gi,g 2 ,g3 and g± generate the K-algebra Y{X,S). Setting deg(Zj) := deg(<7i), 
we obtain a A'-graded epimorphism 

K[Zi, Z 2 , Zf 1 ] -> r(A,5), Z x ^ 5 i, Z 2 h+ g 2 , Z 3 ^ g 3 , 

which, by dimension reasons, is even an isomorphism. The kernel of the projection 
K — > C1(A) is K° = 2ZZ?i and a character as in Construction 14 . 2 Tl is 

X :K° K(A)*, 2n£>x H- /J 1 - 

The ideal I is generated by 1 — /1, where /1 G r(X, S- 2 d x ), see Remark r4.3.2l below. 
Consequently, the Cox ring of X is given as 

K(X) = T(X,S)/T{X,1) K[Zi,Z 2 ,Z 3 ±1 ]/(l-^ 3 " 1 > = K^.-Za], 

where the Cl(A)-grading on the polynomial ring K[Zi,Z 2 ] is given by dcg(Zi) = 
deg(Z 2 ) = [D L ]. 
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4.3. Well-definedness. Here we prove the claims made in Construction 14 . 2 .11 
and Proposition ^. 2.2"! In particular, we show that, up to isomorphy, Cox sheaf and 
Cox ring do not depend on the choices made in their construction. 

Lemma 4.3.1. Situation as in Construction Consider the Cl(X)- grading of 
the sheaf S defined by 

S = S [D], S ID] ■= s d>- 

[£>]eci(x) D'ec-i-([D]) 

Given f G T(U,I) andD G K, the C\{X) -homogeneous component /mj G T{U,S^) 
of f has a unique representation 

f[D] = X) (1 " x(E))f E , where f E G T(U,S D ) and X (E) G T(U,S- B ). 

EeK° 

In particular, the sheaf I of ideals is C\(X) -homogeneous. Moreover, if f G T(U, I) 
is K -homogeneous, then it is the zero section. 

Proof. To obtain uniqueness of the representation of /mi, observe that for 
every ^ £ £ K°, the product —x(E)f E is the i^-homogeneous component of 
degree D — E of Li. We show existence. By definition of the sheaf of ideals I, 
every germ f x G X x can on a suitable neighbourhood U x be represented by a section 

g= Y^Q-X{E))9E, where 3£ eT{U x ,S). 

Collecting the Cl(X)-homogencous parts on the right hand side represents the 
Cl(X)-homogeneous part h G T(U X ,S[ D ]) of degree [D] of g G T(U X ,S) as follows: 

h = (l-x(E))h E , where h E G F(U X ,S [D] ). 

E£K° 

Note that we have h G T(U X ,I) and h represents fwv x - Now, developping each 
h E G T(U x ,S[u]) according to the X-grading gives representations 

h E = 2J h E ,D', where h EtD > G T(U X ,S D >). 

D'£D+K° 

The section h' E D , := x(D' — D)h E , E > is /^-homogeneous of degree D, and we have 
the identity 

(l- X (E))h E ,D> = (l-x{E + D-D'))ti E>D ,-(l- X {D-D'))ti E>D ,. 

Plugging this into the representation of h establishes the desired representation of 
/[£>] locally. By uniqueness, we may glue the local representations. □ 

Remark 4.3.2. Situation as in Construction 14.2.11 Then, for any two divisors 
E, E' G K°, one has the identities 

1 - X (E + E') = (1 - x(E)) + (1 - X (E'))x(E), 
1 - X (-E) = (1 - X (E))(-x(-E)). 

Together with Lemma 14. 3. It this implies that for any basis Ex , . , . , E s of K° and 
any open U C X, the ideal T(U,I) is generated by 1 — x(Ei), where 1 < i < s. 

Lemma 4.3.3. Situation as in Construction \4-2^l\ If f G T(U,S) is C1(X)- 
homogeneous of degree [D] for some D G K, then there is a K -homogeneous 
f G T(U,S) of degree D with f-f'e T(U,X). 
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Proof. Writing the Cl(JQ-homogeneous / as a sum of i^-homogeneous func- 
tions Jd' , we obtain the assertion by means of the following trick: 

f= E fa = E x(D'-D)fD'+ £ (l- X (D'-D))f D ,. 

D'£D+K" D'£D+K° D'£D+K° 

□ 

Lemma 4.3.4. Situation as in Construction \J^2.1\ Then, for every D 6 K, we 
have an isomorphism of sheaves tt\s d ■ Sd — > T^[d] ■ 

Proof. Lemma [4.3.11 shows that the homomorphism it\s d is stalkwise injective 
and from Lemma 14.3.31 we infer that it is stalkwise surjective. □ 

Lemma 4.3.5. Situation as in Construction \J?2.1\ Then, for every open subset 
U C X, we have a canonical isomorphism 

T(U,S)/T(U,X) T(U,S/T). 

PROOF. The canonical map ij): T(U,S)/T(U,X) — > T(U,S/1) is injective. In 
order to see that it is as well surjective, let h € T{U,S/X) be given. Then there are 
a covering of U by open subsets Ui and sections gi € T(Ui,S) such that hijj. = ip{9i) 
holds and gj — gi belongs to T(Ui (~1 Uj,T). Consider the Cl(X)-homogeneous parts 
9i,[D] £ r(J7i, of gi. By Lemma [4.3.11 the ideal sheaf X is homogeneous and 
thus also gjm] — 9i.[D] belongs to T(Ui (~l Uj,l). Moreover, Lemma 14.3.31 provides 
JT-homogeneous f^D with f^jj — 9i,[D] m T(Ui,X). The differences fj.o — fi.D lie 
in T(Ui n Uj,T) and hence, by Lemma [4.3.1[ vanish. Thus, the f^jj fit together 
to Jv-homogeneous sections fo £ T(U,S). By construction, / = fr> satisfies 

= h. □ 

Proof of Proposition 14.2.21 In a first step, we reduce to Cox sheaves aris- 
ing from finitely generated subgroups of WDivpT). So, let K C WDiv(X) and 
X- K° — > K(X)* be any data as in 14.2.11 Choose a finitely generated subgroup 
K\ C K projecting onto C1(X). Restricting \ gives a character xx '■ Ki 
The inclusion K\ — > K defines an injection S\ — > S sending the ideal X\ defined by 
Xi to the ideal X defined by x- This gives a Cl(X)-graded injection 1Z\ — > 1Z of the 
Cox sheaves associated to Ki,xi and K, x respectively. Lemma [4.3.31 shows that 
every Cl(X)-homogcncous section of 1Z can be represented by a ifi-homogeneous 
section of S. Thus, 72-i — ^ 72. is also surjective. 

Next we show that for a fixed finitely generated K C WDiv(X), any two char- 
acters X-, x' '■ K° )* as in l4.2.1| give rise to isomorphic Cox sheaves 1Z' and 1Z. 
For this note that the product x~ Y sends K° to T(X, £>*). Using T(X, O*) = K*, 
we may extend X x! to a homomorphism K — > T(X, O*) and obtain a graded 
automorphism (a, id) of S by 

a D : S D -> S D , f i— > $(D)f. 

By construction, this automorphism sends the ideal I' to the ideal I and induces a 
graded isomorphism from S/X' onto 5/1. 

Now consider two finitely generated subgroups K, K 1 C WDiv(X) both project- 
ing onto C\(X). Then we find a homomorphism a: K — > K 1 such that the following 
diagram is commutative 



K 




K' 



C\(X) 
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This homomorphism a: K — > K' must be of the form a(D) = D — div(r](D)) with a 
homomorphism rj: K —> K(X)*. Choose a character x' '■ K'° —> K(X)* as in 14.2.11 
Then, for D E K°, we have 

D - div(?j(D)) = 5(13) = div(x'(S(£>))). 

Thus, D equals the divisor of the function x(-D) := x'(o i {D))ri(D). This defines a 
character A" — > K(A)*. Altogether, we obtain a morphism (a, a) of the sheaves 
of divisorial algebras S and S' associated to K and K' by 

By construction, it sends the ideal I defined by x to the ideal I 1 defined by Using 
Lemma 14.3.41 we see that the induced homomorphism 72. — >■ 7^' is an isomorphism 
on the homogeneous components and thus it is an isomorphism. □ 

4.4. Examples. For a normal prevaricty X with a free finitely generated di- 
visor class group, we obtained in Proposition 14.1.51 that the Cox ring is a unique 
factorization domain having T(X,0*) as its units. Here we provide two examples 
showing that these statements need not hold any more if there is torsion in the 
divisor class group. As usual, K is an algebraically closed field of characteristic 
zero. 

Example 4.4.1 (An affine surface with non-factorial Cox ring). Consider the 
smooth affine surface 

Z := V(K 3 ;T? -T 2 T 3 - 1). 

We claim that T(Z, O*) = K* and C\(Z) £S Z hold. To see this, consider /, := T AZ 
and the prime divisors 

D+ := V(Z;h-\,f % ) = {1} x {0} x K, 

D_ := V{Z-h + lJ 2 ) = {-1}x{0}xK. 

Then we have div(/2) = D + + £>_. In particular, D + is linearly equivalent to — D-. 
Moreover, we have 

Z \ Supp(div(/ 2 )) = Z h = K* x K. 

This gives T(Z, O)* = K*, and shows that Cl(Z) is generated by the class [D+\. Now 
suppose that n[D + ] = holds for some n > 0. Then we have nD + = div(/) with 
/ G T(Z,0) and f 2 l = fh holds with some h G T(Z,0) satisfying div(ft) = nD_. 
Look at the Z-grading of T(Z, O) given by 

deg(/i) = 0, deg(/ 2 ) = 1, deg(/ 3 ) = -1. 

Any element of positive degree is a multiple of / 2 . It follows that in the decompo- 
sition /!* = fh one of the factors / or h must be a multiple of / 2 , a contradiction. 
This shows that Cl(i?) is freely generated by [£>+]. 

Now consider the involution Z — >• Z sending z to — z and let it: Z — > X de- 
note the quotient of the corresponding free Z/2Z-action. We claim that C\(X) is 
isomorphic to Z/2Z and is generated by the class of D := tt(D + ). Indeed, the subset 

A\Supp(L>) = iv(Z h ) S K* xK 

is factorial and 2D equals div(/|). Moreover, the divisor D is not principal, because 
tt*(D) = D+ + D- is not the divisor of a Z/2Z-invariant function on Z. This verifies 
our claim. Moreover, we have T(X, O*) = K*. 

In order to determine the Cox ring of X, take K = ZD C WDiv(A), and 
let S denote the associated sheaf of divisorial algebras. Then, as T(X, 5o)-modulcs, 
T(X, Sd) and T(X, S-n) are generated by the sections 

oi := 1, a 2 := fif 2 \ a 3 := f^fs G T{X,S D ), 
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61 := /1/2, b 2 := fl, b 3 := f 2 f 3 6 V{X,S_ D ). 

Thus, using the fact that f^ 2 define invertible elements of degree T2-D, we see that 
ffli, 0-2, a3, bi, 62, b 3 generate the algebra T(X, S). Now, take the character x ■ K° —> 
K(X)* sending 2nD to /|™. Then, by Remark gX2l the associated ideal T(X,X) 
is generated by 1 — /f. The generators of the factor algebra T(X, S) /T(X,X) are 

Z\ = a 2 + X = b\ + X, Z 2 = a\ + X = b 2 + 1, Z 3 = a 3 + X = b 3 + X. 

The defining relation is Z\ — Z 2 Z 3 = 1. Thus the Cox ring TZ(X) is isomorphic to 
T(Z, O). In particular, it is not a factorial ring. 

Example 4.4.2 (A surface with only constant invertible functions but non-constant 
invertible elements in the Cox ring). Consider the affinc surface 

X := V{K 3 ; T{T 2 T 3 - if - T 2 2 - T 3 2 + 4). 

This is the quotient space of the torus T 2 := (K*) 2 with respect to the Z/2Z-action 
defined by the involution t h-» t~ x ; the quotient map is explicitly given as 

n:T 2 ^X, t ^ (t 1 +t^\t 2 +t 2 \t 1 t 2 +t^ 1 t 2 1 ). 

Since every Z/2Z-invariant invertible function on T 2 is constant, wc have 
T(X, O*) = K*. Moreover, using [96l Proposition 5.1], one verifies 

C\{X) = Z/2ZffiZ/2Z©Z/2Z, Pic(X) = 0. 

Let us see that the Cox ring 7l(X) has non-constant invertible elements. Set 
fi := Ti\x and consider the divisors 

D± := V(X;f 1 ±2, f 2 ±f 3 ), D := D+ + D_. 

Then, using the relations (fi±2)(f 2 f 3 — fi±2) — (f 2 ±f 3 ) 2 , one verifies div(/i±2) = 
2D±. Consequently, wc obtain 

2D = div(A 2 -4). 

Moreover, D is not principal, because otherwise f 2 — 4 must be a square and hence 
also 7r*(/ 2 — 4) is a square, which is impossible due to 

^*(/ 2 -4) = 4 + ^ 2 -4 = (t 1 + tr 1 + 2)(t 1 + tr 1 -2). 

Now choose Weil divisors Di on X such that D, D 2l D 3 form a basis for a group 
K C WDiv(X) projecting onto C1(X), and let S be the associated sheaf of divisorial 
algebras. As usual, let K a C K be the subgroup consisting of principal divisors and 
fix a character X - K° -> K(X)* with x{2D) = / 2 - 4. By Remark ECU the 
associated ideal T(X,X) in T(X,S) is generated by 

1- X (2D), l-x(2X>2), 1-X(2i?3), 

where x(2D) = / 2 - 4 lives in r(A,S_ 2 D)- Now consider /1 6 r(A,5 ) and the 
canonical section Id & Y(X,Sd)- Then we have 

(fi + l D )(fi-l D ) = !l-\ 2 D = 4 - 1 2 D • (1 - X (2D)) € K*+r(A,Z). 

Consequently, the section f% + Id E T(A, 5) defines a unit in r(A, TV). Note that 
/1 + Id is not Cl(X)-homogeneous. 
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5. Algebraic properties of the Cox ring 

5.1. Integrity and Normality. As before, we work over an algebraically 
closed field K of characteristic zero. The following statement ensures in particular 
that the Cox ring is always a normal integral ring. 

Theorem 5.1.1. Let X be a normal prevariety with only constant invertible func- 
tions, finitely generated divisor class group, and Cox sheaf JZ. Then, for every open 
U C X, the ring T(U,7t) is integral and normal. 

The proof is based on the geometric construction 15.1.41 which is also used later 
and therefore occurs separately. We begin with two preparing observations. 

Lemma 5.1.2. Situation as in Construction \4~1T1\ For any two open subsets V C 
U C X such that U\V is of codimension at least two in U , one has the restriction 
isomorphism 

T(U,K) ->■ T(V,TZ). 

In particular, the algebra T(U,1Z) equals the algebra T(U rcg ,lZ), where U rcg C U 
denotes the set of smooth points. 

Proof. According to Remark l3.1.31 the restriction T(U, S) — > T(V, S) is an iso- 
morphism. Lcmma [4.3.1l cnsurcs that T(U,I) is mapped isomorphically onto T(V,X) 
under this isomorphism. By Lemma [4.3.51 we have T(U,7V) — T(U,S)/r(U,X) and 
r(V, Tl) = r(V, S)/T(V,X), which gives the assertion. □ 

Lemma 5.1.3. Situation as in Construction \1^2. 1\ Then for every open U C X, 
the ideal T(U,I) C T(U, S) is radical. 

Proof. By Lemma \4. 3. 51 the ideal T{U,T) is radical if and only if the algebra 
r(C/, 1Z) has no nilpotent elements. Proposition 14.2.21 thus allows us to assume that 
iS arises from a finitely generated group K. Moreover, by Remark 13.1.31 we may 
assume that X is smooth and it suffices to verify the assertion for affinc U C X. 
We consider U = SpecT{U,S) and the zero set U C U of T(U,1). Note that U is 
invariant under the action of the quasitorus Hx = Spec K[C1(X)] on U given by 
the Cl(X)-grading. 

Now, let / G T(U,S) with /" G T{U,1) for some n > 0. Then / and thus also 
every Cl(X)-homogeneous component of / vanishes along U. Consequently, 
/,™ G T(U,I) holds for some m > 0. By Lemma [4. 3. 31 we may write /[£>] = fo + .9 
with f D G T(U,S D ) and g £ Y(U,T). We obtain f r £ G T(U,1). By Lcmma|4~HU 
this implies f^f — and thus /d = 0, which in turn gives /[£>] G T{U,I) and hence 

fev(u,i). □ 

Construction 5.1.4. Situation as in Construction 14.2.11 Assume that K C 
WDiv(X) is finitely generated and X is smooth. Consider X := Spec x S with 
the action of the torus H := SpecK[7^] and the geometric quotient p: X — > X as 
in Construction [MH Then, with X := V(2) and H x := Spec K[C1(X)], we have 
a commutative diagram 




The prevariety X is smooth, and, if X is of affine intersection, then it is quasiaffinc. 
The quasitorus Hx Q H acts freely on X and q x : X — > X is a geometric quotient 
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for this action; in particular, it is an etale Hx -principal bundle. Moreover, we have 
a canonical isomorphism of sheaves 



1Z 



Proof. With the restriction qx ■ X — > X of p: X — > X we obviously obtain 
a commutative diagram as above. Moreover, Lemma 15.1.31 gives us 1Z = q*^^). 
Since the ideal I is Cl(A)-homogeneous, the quasitorus Hx Q H leaves X invariant. 
Moreover, we see that qx ■ X — > X is a good quotient for this action, because we 
have the canonical isomorphisms 



fo),(Of-)o = ft 



O 



x 



So = p f (OvV 



Freeness of the i/x-action on X is due to the fact that Hx acts as a subgroup of 
the freely acting H, see Remark [3. 2. 71 As a consequence, we see that qx ■ X — > X 
is a geometric quotient. Luna's Slice Theorem jl05] gives commutative diagrams 



H x xS' 



1x(U) 



<IX 



s 



u 



X 



X 



where U C X are open sets covering X and the horizontal arrows are etale mor- 
phisms. By |1091 Proposition 1.3.17], etale morphisms preserve smoothness and 
thus X inherits smoothness from X . If X is of afhne intersection, then X is quasi- 
affine, see Corollary 13.4. 61 and thus X is quasiaffine. □ 

Lemma 5.1.5. Let L be a field of characteristic zero containing all roots of unity, 
and assume that a G L is not a proper power. Then, for any n G Z> 1; the polynomial 
1 — at n is irreducible in L[£, t ]. 



PROOF. Over the algebraic closure of L we have 1 — at n = (1 — ait) •••(! — a n t), 
where a™ = a and any two differ by a n-th root of unity. If 1 — at n would split 
over L non-trivially into hi(t)h2(t), then a\ must be contained in L for some k < n. 
But then also af lies in L for the greatest common divisor d of n and k. Thus a is 
a proper power, a contradiction. □ 



PROOF of Theorem 15.1.11 According to Proposition l4T^l and Lemma lSX^l 
we may assume that we are in the setting of Construction 15.1.41 where it suffices 
to prove that X is irreducible. Since qx '■ X — > X is surjective, some irreducible 
component X\ C X dominates X . We verify that X\ equals X by checking that 
q x x (JJ~) is irreducible for suitable open neighbourhoods U C X covering X. 

Let Di, . . . , D s be a basis of K such that n\D\, . . . , n^D^, where 1 < k < s, is 
a basis of A' . Enlarging K, if necessary, we may assume that the Di are primitive, 
i.e., no proper multiples. We take subsets U C X such that on U every Di is 
principal, say Di = div(/i). Then, with deg(T'i) :— D i: Remark [3. 1 .41 provides a 
A-gradcd isomorphism 

T(U, O) ® K Kp^ 1 , . . . , Tt 1 ] -> T(U, S), g®T?--- T»° ^ gfr* ■ ■ ■ /"•* . 

In particular, this identifies p~ 1 (J7) with U x T s , where T s := (K*) s . According to 
Remark 1 4. 3. 21 the ideal T(U,I) is generated by 1 — x(niDi), where 1 <i < k. Thus 
Ix 1 ^) i s gi ven m U x T s by the equations 



1 - xCniA)/^^ = 0, 1 < i < k. 
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To obtain irreducibility of q x (U), it suffices to show that each 1 — x{ n iDi)f™ i T?' i 
is irreducible in K(X)[T i ±1 ]. With respect to the variable Si := f%Ti, this means to 
verify irreducibility of 

f - xKA)ST G KWisf 1 }. 

In view of Lemma 15.1.51 we have to show that x( n iDi) is not a proper power 
in K(X). Assume the contrary. Then we obtain riiDi = fcjdiv(/ij) with some 
hi G K(X). Since Di is primitive, ki divides tii and thus, ni/kiDi is principal. A 
contradiction to the choice of rij. 

The fact that each ring T(U, 1Z) is normal follows directly from the fact that it 
is the ring of functions of an open subset of the smooth prevariety X. □ 

5.2. Localization and units. We treat localization by homogeneous elements 
and consider the units of the Cox ring TZ(X) of a normal prevariety X defined over 
an algebraically closed field IK of characteristic zero. The main tool is the divisor 
of a homogeneous element of TZ(X), which we first define precisely. 

In the setting of Construction I4.2T| consider a divisor D G K and a non-zero 
element / G 72.mi(X). According to Lemma 14.3.31 there is a (unique) element 

/ G T(X,Sd) with 7r(/) = /, where ir: S — > 1Z denotes the projection. We define 
the [D]-divisor of / to be the effective Weil divisor 

div [D] (/) := div D (f) = div(/) + D G WDiv(X). 

Lemma 5.2.1. The [D]-divisor depends neither on representative D G K nor on 
the choices made in \4-2.1\ Moreover, the following holds. 

(i) For every effective E G WDiv(X) there are [D] G C\{X) and f G TZ [D] (X) 
with E = div[£>](/). 

(ii) Let [D] G Cl{X) and ^ / G K [D] (X). Then div [D] (/) = implies 
[D] =0 in C\{X). 

(iii) For any two non-zero homogeneous elements f G TZm^X) and g G 
1Zm 2 ](X), we have 

div [Dl]+[D2] (fg) = div [Dl] (f) + div[u 2 ](fir). 

Proof. Let / G T^\d] (A), consider any two isomorphisms (fi : Ox{Di) —> T^\d] 
and let /, be the sections with (pi(fi) = f. Then ip^ 1 o ip\ is multiplication with 
some h G K(X)* satisfying div(h) = D\ — D-i- Wcll-defincdncss of the [_D]-divisor 
thus follows from 

div Dl (7i) = div(/i/!) + D 2 = div D2 (/ 2 ). 

If div[£>](/) = holds as in (ii), then, for a representative / G T(X,Ox(D)) of 
/ G 1Z[d](X), we have divu(/) = and hence D is principal. Observations (i) 
and (iii) are obvious. □ 

For every non-zero homogeneous element / G T2.mi(X), we define the [D]- 
localization of X by / to be the open subset 

X [D]J := A\Supp(div [I5] (/)) C X. 

Proposition 5.2.2. Let X be a normal prevariety with only constant invertible 
functions, finitely generated divisor class group and Cox ring 1Z(X). Then, for 
every non-zero homogeneous f G 72.mi(A), we have a canonical isomorphism 

r(x [D]J ,K) = r(x,n) f . 
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PROOF. Let the divisor D G A represent [D] G C\(X) and consider the section 
/ G T(X,Sd) with 7r(/) = /. According to Remark 13.1.61 we have 

r(x Dj ,s) s r(x,s) r . 

The assertion thus follows from Lemma 14.3.51 and the fact that localization is com- 
patible with passing to the factor ring. □ 

We turn to the units of the Cox ring 1Z(X); the following result says in partic- 
ular, that for a complete normal variety X they are all constant. 

Proposition 5.2.3. Let X be a normal prevariety with only constant invertible 
functions, finitely generated divisor class group and Cox ring 1Z(X). 

(i) Every homogeneous invertible element oflZ(X) is constant. 

(ii) IfT(X, O) = K holds, then every invertible element oflZ(X) is constant. 

Proof. For (i), let / G 1Z(X)* be homogeneous of degree [D]. Then its inverse 
g G TZ(X)* is homogeneous of degree —[D], and fg = 1 lies in H(X)q = K* . By 
Lemma 15.2.11 (iii) , we have 

= div (/.g) = div +div [ _ D] (g). 

Since the divisors div [£>](/) and div[_£i](<?) are effective, they both vanish. Thus, 
Lemma [OH (ii) yields [D] = 0. This implies / G K(X)* a = K* as wanted. 

For (ii), we have to show that any invertible / G H{X) is of degree zero. Choose 
a decomposition G\{X) = Ao© A t into a free part and the torsion part, and consider 
the coarsified grading 

n ( x ) = : = K{X) W+U . 

weK u£K t 

Then, as any invertible element of the Ao-graded integral ring 1Z(X), also / is 
necessarily Ao-homogeneous of some degree w G Kq. Decomposing / and / _1 into 
Cl(A)-homogcneous parts we get representations 

/ = ^ ] fw+m f = y ] f-w+u- 

u£Kt u£Kt 

Because of = 1, we have fw+vf- w -v ^ for at least one v G K t . Since 

T(X,0) = K holds, fw+vfZw- v must be a non-zero constant. Using Lemma T5. 2. II 
we conclude w + v = as before. In particular, w — holds and thus each f w + u 
has a torsion degree. For a suitable power we have ndiv^+u (f w+u ) = 0, which 
implies f w + u = for any u ^ 0. □ 

Remark 5.2.4. The affine surface X treated in Example 14.4.21 shows that requiring 
T(X, O*) = K* is in general not enough in order to ensure that all units of the Cox 
ring are constant. 

5.3. Divisibility properties. For normal prevarieties X with a free finitely 
generated divisor class group, we saw that the Cox ring admits unique factorization. 
If we have torsion in the divisor class group this docs not need to hold any more. 
However, restricting to homogeneous elements leads to a framework for a reasonable 
divisibility theory; the precise notions are the following. 

Definition 5.3.1. Consider an abelian group K and a AT-graded integral K-algebra 

(i) A non-zero non-unit / G R is A -prime if it is homogeneous and f\gh 
with homogeneous g, h . G R implies f\g or f\h. 

(ii) We say that R is factorially graded if every homogeneous non-zero non- 
unit / G R is a product of K- primes. 
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(iii) An ideal a < R is K -prime if it is homogeneous and for any two homoge- 
neous f,g G R with fg € a one has either / 6 o or g 6 a. 

(iv) A if -prime ideal a < R has K -height d if d is maximal admitting a chain 
ao C ai C . . . C ad — a of if -prime ideals. 

Let us look at these concepts also from the geometric point of view. Consider 
a prevariety Y with an action of an algebraic group H. Then H acts also on the 
group WDiv(Y") of Weil divisors via 



By an H -prime divisor we mean a non-zero sum od-D with prime divisors D such 
that dp G {0,1} always holds and the D with ap = 1 are transitively permuted 
by H. Note that every if-invariant divisor is a unique sum of ii-prime divisors. 
We say that Y is H -factorial if every ^-invariant Weil divisor on Y is principal. 

Proposition 5.3.2. Let H = SpecK[if] be a quasitorus and W an irreducible 
normal quasiaffine H-variety. Consider the K -graded algebra R := T(W, O) and 
assume R* = K*. Then the following statements are equivalent. 

(i) Every K -prime ideal of K -height one in R is principal. 

(ii) The variety W is H -factorial. 

(iii) The ring R is factorially graded. 

Moreover, if one of these statements holds, then a homogeneous non-zero non-unit 
f G R is K-prime if and only if the divisor div(/) is H-prime, and every H -prime 
divisor is of the form div(/) with a K-prime f £ R. 

Proof. Assume that (i) holds and let D be an H-invariant Weil divisor on W . 
Write D = Di + . . . + D r with ii-prime divisors Di. Then the vanishing ideal dj of 
Di is of if-height one, and (i) guarantees that it is principal, say Ui = (fi). Thus 
Di = div(/i) and D = div(/i • • • f r ) hold, which proves (ii). 

Assume that (ii) holds. Given a homogeneous element ^ / G R \ R* , write 
div(/) = D\ + . . . + D r with 77-prime divisors Di. Then Di = div(/i) holds, where, 
because of R* = K* , the elements fi arc homogeneous. One verifies directly that 
the fi are K-prime. Thus we have / = afi •••/»- with a € IK* as required in (iii). 

If (iii) holds and a is a if-prime ideal of if-height one, then we take any ho- 
mogeneous ^ / £ a and find a if -prime factor f\ of / with f\ £ a. This gives 
inclusions C (fi) C a of ii-prime ideals, which implies a = (fi). □ 

Corollary 5.3.3. Under the assumptions of Provosition [5.3.21 factoriality of the 
algebra R implies that it is factorially graded. 

We are ready to study the divisibility theory of the Cox ring. Here comes the 
main result; it applies in particular to complete varieties, see Corollary 15.3.81 

Theorem 5.3.4. Let X be an irreducible normal prevariety of affine intersection 
with only constant invertible functions and finitely generated divisor class group. If 
the Cox ring 1Z(X) satisfies 1Z(X)* = K* ; then it is factorially graded. 

Lemma 5.3.5. In the situation of Construction \57l~4\ every non-zero element f G 
r(X, 1Z\D]) satisfies 



where on the left hand side f is a regular function on X and on the right hand 
side f is an element on 1Z(X). 




div(/) 



9x(div[/3](/)), 
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PROOF. In the notation of 15.1. 41 let D G K represent [D] G C1(X), and let 
/ G T(X,Sd) project to / G T(X, 7£mi). The commutative diagram of 15.1.41 yields 

div(/) = i*(div(/)) = t*(p*(div D (7))) = ^(div [D] (/)), 

where i: X — > X denotes the inclusion and the equality div(/) = p*(div£>(/)) was 
established in Lemma T3.3. 21 □ 

Lemma 5.3.6. In the situation of Construction \5.1.4[ the prevariety X is irre- 
ducible, smooth and H -factorial. 

Proof. As remarked in Construction I5.1.4[ the prevariety X is smooth and 
due to Proposition 15 .1.11 it is irreducible. Let D be an invariant Weil divisor on X. 
Using, for example, the fact that qx ■ X — > X is an etale principal bundle, we see 
that D = q* x {D) holds with a Weil divisor D on X. Thus, we have to show that 
all pullback divisors q* x (D) are principal. For this, it suffices to consider effective 
divisors DonI, and these are treated by Lemmas 15.2.11 and 15.3.51 □ 

Proof of Theorem 15.3.41 According to Lemma 15.1.21 we may assume that 
X is smooth. Then 1Z(X) is the algebra of regular functions of the quasiafhnc 
variety X constructed in 15.1.41 Lemma [5.3.61 tells us that X is irreducible, smooth 
and //-factorial. Thus, Proposition l5.3.2l gives the assertion. □ 

Corollary 5.3.7. Let X be a normal prevariety of affine intersection with 
T(X, O) = IK and finitely generated divisor class group. Then the Cox ring TZ(X) 
is factorially graded. 

Proof. According to Proposition 15.2.31 the assumption T(X 1 0) = K ensures 
K(X)* = K*. Thus Theorem ESU applies. □ 

Corollary 5.3.8. Let X be a complete normal variety with finitely generated divisor 
class group. Then the Cox ring 1Z(X) is factorially graded. 

As in the torsion free case, see Proposition 13.3.41 divisibility and primality of 
homogeneous elements in the Cox ring 1Z(X) can be characterized in terms of X . 

Proposition 5.3.9. Let X be a normal prevariety of affine intersection with only 
constant invertible functions and finitely generated divisor class group. Suppose that 
the Cox ring K{X) satisfies TZ(X)* = K*. 

(i) An element ^ / £ T(A, IZ^) divides ^ g G T(X, TZ[e]) if and only if 
div[_o](/) < div holds. 

(ii) An element ^ / G T(A, JZm]) is Cl(X)-prime if and only if the divisor 
div[£>](/) G WDiv(X) is prime. 

Proof. According to Lemma [5.1.21 we may assume that X is smooth. Then 
Construction 15.1.41 presents X as the geometric quotient of the smooth quasiafhnc 
-Hx-variety X, which has TZ(X) as its algebra of regular functions. The first state- 
ment follows immediately from Lcmma [5.3.5l and. for the second one, we additionally 
use Proposition 15.3.21 □ 

Remark 5.3.10. Let A be a prevariety of affine intersection with only constant 
invertible functions, finitely generated divisor class group and a Cox ring TZ(X) with 
only constant invertible elements. Then the assignement / M> divmi(/) induces an 
isomorphism from the multiplicative semigroup of homogeneous elements of 7Z(X) 
modulo units onto the semigroup WDiv + (A) of effective Weil divisors on X . The 
fact that TZ(X) is factorially graded reflects the fact that every effective Weil divisor 
is a unique non-negative linear combination of prime divisors. 
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Remark 5.3.11. For the affine surface A considered in Example 14.4.11 the Cox 
ring TZ(X) is factorially Z/2Z-gradcd but it is not a factorial ring. 

6. Geometric realization of the Cox sheaf 

6.1. Characteristic spaces. We study the geometric realization of a Cox 
sheaf, its relative spectrum, which we call a characteristic space. For locally fac- 
torial varieties, e.g. smooth ones, this concept coincides with the universal torsor 
introduced by Colliot-Thelene and Sansuc in [53] , see also }56] and |142j . As soon 
as we have non-factorial singularities, the characteristic space is not any more a 
torsor, i.e. a principal bundle, as we will see later. As before, we work with normal 
prevarieties defined over an algebraically closed field of characteristic zero. First we 
provide two statements on local finite generation of Cox sheaves. 

Proposition 6.1.1. Let X be a normal prevariety of affine intersection with only 
constant invertible functions and finitely generated divisor class group. If the Cox 
ring 7Z(X) is finitely generated, then the Cox sheaf 1Z is locally of finite type. 

Proof. The assumption that X is of affine intersection guarantees that it is 
covered by open affine subsets X^j, where [D] E C1(A) and / <E TZ[jj](X). By 
Proposition 15 . 2 .21 we have T(X^j,TZ) = TZ(X)f, which gives the assertion. □ 

Proposition 6.1.2. Let X be a normal prevariety with only constant invertible 
functions and finitely generated divisor class group. If X is Q-factorial, then any 
Cox sheaf TZ is locally of finite type. 

Proof. By definition, the Cox sheaf TZ is the quotient of a sheaf of divisorial 
algebras S by some ideal sheaf I. According to Proposition 14.2.21 we may assume 
that S arises from a finitely generated subgroup K C WDiv(A). Proposition 13.2.31 
then tells us that <S is locally of finite type, and Lemma 14.3.51 ensures that the 
quotient TZ = S/I can be taken at the level of sections. □ 

We turn to the relative spectrum of a Cox sheaf. The following generalizes 
Construction [5H31 where the smooth case is considered. 

Construction 6.1.3. Let A be a normal prevariety with T(X,0*) — K* and 
finitely generated divisor class group, and let TZ be a Cox sheaf. Suppose that TZ 
is locally of finite type, e.g., X is Q- factorial or TZ{X) is finitely generated. Taking 
the relative spectrum gives an irreducible normal prevariety 

X := Spec^(^). 

The Cl(A)-grading of the sheaf TZ defines an action of the diagonalizable group 
Hx '■= SpccK[Cl(A)] on X, the canonical morphism qx ■ X — > X is a good quotient 
for this action, and we have an isomorphism of sheaves 

TZ - (qx)*(Ox). 

We call qx '■ X — > X the characteristic space associated to TZ, and Hx the charac- 
teristic quasitorus of A. 

Proof. Everything is standard except irrcducibility and normality, which fol- 
low from Theorcm l5.1.11 □ 

The Cox sheaf TZ was defined as the quotient of a sheaf S of divisorial algebras 
by a sheaf I of ideals. Geometrically this means that the characteristic space comes 
embedded into the relative spectrum of a sheaf of divisorial algebras; compare 1 5. 1.41 
for the case of a smooth A. Before making this precise in the general case, we have 
to relate local finite generation of the sheaves TZ and S to each other. 
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Proposition 6.1.4. Let X be a normal prevariety with only constant invertible 
functions, finitely generated divisor class group and Cox sheaf 1Z. Moreover, let S 
be the sheaf of divisorial algebras associated to a finitely generated subgroup K C 
WD'rv(X) projecting onto G\(X) and U C X an open affine subset. Then the algebra 
T(U,1Z) is finitely generated if and only if the algebra T(U,S) is finitely generated. 

Proof. Lemma [4.3.51 tells us that T(U, 1Z) is a factor algebra of T(U,S). 
Thus, if r(J7, S) is finitely generated then the same holds for T(U,TZ). Moreover, 
Lemma l4.3.4l savs that the projection T(U, S) — > T(U, 1Z) defines isomorphisms along 
the homogeneous components. Thus, Proposition 1 1 . 2 . 51 shows that finite generation 
of T(U, TV) implies finite generation of T(U, S). □ 

Construction 6.1.5. Let X be a normal prevariety with T(X,0*) = K* and 
finitely generated divisor class group, and let K C WD'w(X) be a finitely gener- 
ated subgroup projecting onto C1(X). Consider the sheaf of divisorial algebras S 
associated to K and the Cox sheaf 1Z = S/X as constructed in 14.2.11 and suppose 
that one of these sheaves is locally of finite type. Then the projection S — > 7Z of 
Ojf -algebras defines a commutative diagram 

X 1 ^X 




X 



for the relative spectra X = Spec x lZ and X = Spec x 5. We have the actions of 
H x = SpecK[Cl(X)] on X and H = SpccK[^] on X. The map i: X -> X is a 
closed embedding and it is _ffx-invariant, where Hx acts on X via the inclusion 
Hx C H defined by the projection K — > C1(X). The image i(X) C X is precisely 
the zero set of the ideal sheaf X. 

Proposition 6.1.6. Situation as in Construction \67l . Si 

(i) The inverse image q x 1 {X reg ) C X of the set of smooth points X rcg C X 
is smooth, the group Hx acts freely on q , ^ 1 (X rC g) and the restriction 
qx ■ 93f 1 (^ re g) ~~ ^ ^rag * s an stale Hx -principal bundle. 

(ii) For any closed A C X of codimension at least two, q^ 1 (A) C X is as well 
of codimension at least two. 

(iii) The prevariety X is Hx -factorial. 

(iv) If X is of affine intersection, then X is a quasiaffine variety. 

Proof. For (i), we refer to the proof of Construction 15. Ql To obtain (ii) 
consider an affine open set [/CI and U := <7 JS - 1 (C/). By Lcmma r5.1.21 the open set 
U \ q^iA) has the same regular functions as U. Since X is normal, we conclude 
that Uriq^^A) is of codimension at least two in U. Now, cover X by affine U C X 
and Assertion (ii) follows. We turn to (iii). According to (ii) we may assume that 
X is smooth. In this case, the statement was proven in Lemma r5.3.6l We show (iv). 
We may assume that we are in the setting of Construction 16.1.51 Corollary 13.4.61 
then ensures that X is quasiaffine and Construction 16 . 1 31 gives that X is a closed 
subvaricty of X. □ 

The following statement relates the divisor of a [D]-homogeneous function on X 
to its [D]-divisor on X; the smooth case was settled in Lemma 15.3.51 
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Proposition 6.1.7. In the situation of \6.1.3[ consider the pullback homomorphism 
q* x : WDiv(X) -> WDiv(X) defined in \KJ1\ Then, for every [D] G Cl(X) and 
every f G T(X,TZ\d])> we have 

div(/) = q* x {div [D] (f)), 

where on the left hand side f is a function on X , and on the right hand side a 
function on X. If X is of affine intersection and X \ Supp(div[£)] (/)) is affine, then 
we have moreover 

Supp(div(/)) = q^ 1 (Supp(div [£1] (/))). 

Proof. We may assume that we are in the setting of Construction 16 . 1 31 Let 
the divisor D G K represent the class [D] G C\(X), and let / G T(X,Sd) project 
to / G T(X,TZ[rj])- The commutative diagram of 16.1.51 yields 

div(/) = **(div(/)) = i*(p*(div D (f))) = q* x (div [D] (f)), 

where i: X — > X denotes the inclusion and the equality div(/) = p*(div £>(/)) was 
established in Proposition 13.4.31 Similarly, we have 

Supp(div(/)) = l - 1 (Supp(div(/))) 

= J - 1 (p- 1 (Supp(div D (/)))) 

= ^(^ppC^piC/))) 

provided that X is of affine intersection and X \ Supp(div[£)i (/)) is affine, because 
Proposition 13.4.31 then ensures Supp(div(/)) = p _1 (Supp(div £>(/)))• D 

Corollary 6.1.8. Situation as in Construction HTl . S\ Let x G X be a point such 
that Hx-x C X is closed, and let f G T(X,lZm]). Then we have 

f(x) = q x {x) G Supp(div[u](/)). 

Proof. The image gx(Supp(div(/)) is contained in Supp(div[£>] (/)). By the 
definition of the pullback and Proposition 16.1. 71 the two sets coincide in X lcg . 
Thus, gx(Supp(div(/)) is dense in Supp(div [£>](/)). By Theorem 12.3. 6[ the image 
<7x(Supp(div(/)) is closed and thus we have 

gx(Supp(div(/))) = Supp(div[£»](/)). 

In particular, if f(x) = holds, then qx{x) lies in Supp(divmi(/)). Conversely, if 
qx{x) belongs to Supp(div[ £J ](/)), then some x' G Supp(div(/)) belongs to the fiber 
of x. Since H x -x is closed, Corollary 12.3.71 tells us that x is contained in the orbit 
closure of x' and hence belongs to Supp(div(/)). □ 

Corollary 6.1.9. Situation as in Construction ^. 1~5\ and suppose that X is of affine 
intersection. For x 6 X, letxG q x 1 (x) such that Hx-x is closed in X . Then H-x 
is closed in X. 

Proof. Assume that the orbit H-x is not closed in X. Then there is a point 
x G p^ 1 (x) having a closed iJ-orbit in X, and x lies in the closure of H-x. Since 
X is quasiaffine, we find a function / G T(X,Sd) with f(x) = but fix) / 0. 
Corollary 13.4.41 gives p(x) G Supp(div £>(/)). Since we have qx(x) = p(x), this 
contradicts Corollary 16.1.81 □ 
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6.2. Divisor classes and isotropy groups. The aim of this subsection is 
to relate local properties of a prevaricty to properties of the characteristic qua- 
sitorus action on its characteristic space. Again, everything takes places over an 
algebraically closed field IK of characteristic zero. 

For a normal prevariety X and a point x £ X, let PDiv(X, x) C WDiv(A) 
denote the subgroup of all Weil divisors, which are principal on some neighbourhood 
of x. We define the local class group of X in x to be the factor group 

Cl(X,x) := WDiv(A)/PDiv(A,x). 

Obviously the group PDiv(A) of principal divisors is contained in PDiv(A, x). 
Thus, there is a canonical epimorphism x x : C\(X) — > C1(X, x). The Picard group 
of X is the factor group of the group CDiv(A) of Cartier divisors by the subgroup 
of principal divisors: 

Pic(A) = CDiv(A)/PDiv(A) = P| kcr^). 

Proposition 6.2.1. Situation as in Construction RT"Q1 For x £ X , let x £ q x 1 (x) 
be a point with closed Hx -orbit. Define a submonoid 

S x := {[D]£C\(X); f (x) ^ for some f £ T(X,TZ [D] )} C C1(X), 

and let Cl x (X) C C1(A) denote the subgroup generated by S x . Then the local class 
groups of X and the Picard group are given by 

C\(X,x) = C\(X)/C\ X (X), Pic(X) = f| C\ X (X). 

PROOF. First observe that Corollary 16.1.81 gives us the following description of 
the monoid S x in terms of the [Z?]-divisors: 

S x = {[D] £ C1(X); x £ div [D] (f) for some / £ T(X,K [D] )} 
= {[D] £ Cl(X); D>0,x^ Supp(D)}, 

where the latter equation is due to the fact that the [D] -divisors are precisely the 
effective divisors with class [D] . The assertions thus follow from 

Cl x (X) = {[D}£ C1(X); x £ Supp(£>)} 

= {[D] G C1(X); D principal near x}. 

□ 

Proposition 6.2.2. Situation as in Construction WIl.SX Given x £ X, let x £ 
q x 1 (x) be a point with closed Hx -orbit. Then the inclusion Hxs *~= Hx of the 
isotropy group ofx£X is given by the epimorphism C\(X) — > C\(X, x) of character 
groups. In particular, we have 

H x , x = SpecK[Cl(X,x)], Cl(X,x) = X(H X>S ). 

Proof. Let U C X be any affine open neighbourhood of x £ X. Then U is of 
the form Xr D ^j with some / £ T(X, ~R-[d]) an d U := is affine. According to 

Proposition 15 . 2 .21 we have 

T{U,0) = T{U,H) = T(X,TZ) f = T(X,0) f . 

Corollarv l6.1.8l shows that the group C\ X (X) is generated by the classes [E] £ C1(A) 
admitting a section g £ T(U, ~R-[e]) w hh g(x) ^ 0. In other words, C\ X (X) is the 
orbit group of the point x £ U. Now Proposition 12.2.81 gives the assertion. □ 
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A point x of a normal prevariety X is called factorial if near x every divisor is 
principal. Thus, x G X is factorial if and only if its local ring Ox,x admits unique 
factorization. Moreover, a point x G X is called Q-factorial if near x for every 
divisor some multiple is principal. 

Corollary 6.2.3. Situation as in Construction W7l . 3\ 

(i) A point x £ X is factorial if and only if the fiber qZ~(x) is a single 
Hx -orbit with trivial isotropy. 

(ii) A point x G X is Q-factorial if and only if the fiber q x 1 (x) is a single 
Hx -orbit. 

Proof. The point x € X is factorial if and only if C\(X,x) is trivial, and it 
is Q-factorial if and only if C1(X, a;) is finite. Thus, the statement follows from 
Proposition 15X21 and Corollary [2X71 □ 

Corollary 6.2.4. Situation as in Construction 1 6. 1 .T?l 

(i) The action of Hx on X is free if and only if X is locally factorial. 

(ii) The good quotient qx ■ X —> X is geometric if and only if X is Q-factorial. 

Corollary 6.2.5. Situation as in Construction RTi . 31 Let Hx Q H x be the sub- 
group generated by all isotropy groups H Xi $, where x G X . Then we have 

ker(X(# x ) X(H X )) = f| ker(X(iT x ) -> X{H x ,i)) 

xex 

and the projection Hx — > Hx/Hx corresponds to the inclusion Pic(X) C C\(X) of 
character groups. 

Corollary 6.2.6. Situation as in Construction [KT7S[ If the variety X contains an 
Hx -fixed point, then the Picard group Pic(X) is trivial. 

6.3. Total coordinate space and irrelevant ideal. Here we consider the 
situation that the Cox ring is finitely generated. This allows us to introduce the 
total coordinate space as the spectrum of the Cox ring. As always, we work over 
an algebraically closed field K of characteristic zero. 

Construction 6.3.1. Let X be a normal prevariety of affine intersection with only 
constant invertiblc functions and finitely generated divisor class group. Let 1Z be a 
Cox sheaf and assume that the Cox ring TZ(X) is finitely generated. Then we have 
a diagram 

Spec x 11 = x —5— X — S P ec(ft(X)) 

qx 

X 

where the canonical morphism X — > X is an iix-equivariant open embedding, the 
complement X \ X is of codimension at least two and X is an Hx -factorial affine 
variety. We call the H x -variety X the total coordinate space associated to 72.. 

Proof. Cover X by affine open sets -Xmi / = X \ Supp(div^] (/)), where 
[D] G G\(X) and / G T{X,1Z\m). Then, according to Proposition l6.1.7l the variety 
X is covered by the affine sets Xf = q x (Xm]j). Note that we have 

r(x f ,o) = r(x,o) f = r(x,o) f = r(x f ,o). 

Consequently, the canonical morphisms Xf — > Xf are isomorphisms. Gluing them 
together gives the desired open embedding X — » X. □ 



6. GEOMETRIC REALIZATION OF THE COX SHEAF 



45 



Definition 6.3.2. Situation as in Construction I6.37TI The irrelevant ideal of the 
prevaricty X is the vanishing ideal of the complement X \ X in the Cox ring: 

Jirr(X) := {/ G TZ(X); = 0} C TZ(X). 

Proposition 6.3.3. Situation as in Construction 1 6. SJ\ 

(i) For any section f G T{X,TZm]), membership in the irrelevant ideal is 
characterized as follows: 

f G JUX) «=► X f =X f X f is affine. 

(ii) Let ^ / £ r(X,7?.mi). J/ i/ie [D]-localization X\D],f * s a ffi n e, £/ien we 

/laue / G JirrPO- 

(hi) Lei 7^ ft G r(X, 7?.^]), where 1 < i < r be such that the sets X[Dt],ft 
are affine and cover X. Then we have 

JirAX) = y/{h,...,f r ). 

PROOF. The first equivalence in (i) is obvious and the second one follows from 
the fact that X\X is of codimension at least two in X. Proposition ^. 1 .7l tclls us that 
for affine -Xmi,/ also Xf is affine, which gives (ii). We turn to (hi). Proposition ^ . 1 . 7l 

and (ii) ensure that the functions /1, . . . , f r have X\X as their common zero locus. 
Thus Hilbert's Nullstellensatz gives the assertion. □ 

Corollary 6.3.4. Situation as in Construction 1 6. 3J\ Then X is affine if and only 
ifX = X holds. 

PROOF. Take f = 1 in the characterization I5XB1 (i). □ 

Corollary 6.3.5. Situation as in Construction \ 6.3.1\ and assume that X is Q- 
factorial. Then 7^ / G T(X,TZ^) belongs to J- m (X) if and only if Xm]j is 
affine. In particular, we have 

J- m {X) = lin K (/ G T(X,TZ [D] ); [D] G C1(X), X [D]J is affine). 

Proof. We have to show that for any [D]-homogeneous / G Jirr(X), the [D]- 
localization Xtp\ f is affine. Note that Xf is affine by Proposition 16.3.31 (i). The 
assumption of Q-factoriality ensures that qx ■ X — > X is a geometric quotient, see 
Corollarv l6.2.4l In particular, all Hx -orbits in X are closed and thus Corollarv l6.1.8l 
gives us Xf = q~x (Xmi j). Thus, as the good quotient space of the affine variety 
Xf, the set Xtjjij is affine. □ 

Recall that a divisor D on a prevariety X is called ample if it admits sections 
fi, ■ ■ ■ , fr G T(X, Ox(D)) such that the sets Xuji are affine and cover X. 

Corollary 6.3.6. Situation as in Construction Xb\3.1\ If [D] G Cl(X) is the class 
of an ample divisor, then we have 

JUX) = y/(r(x,K [D] )}. 

6.4. Characteristic spaces via GIT. As we saw, the characteristic space 
of a prevaricty X of affine intersection is a quasiaffinc variety X with an action 
of the characteristic quasitorus Hx having X as a good quotient. Our aim is to 
characterize this situation in terms of Geometric Invariant Theory. The crucial 
notion is the following. 

Definition 6.4.1. Let G be an affine algebraic group and W a G-prevariety. We 
say that the G-action on W is strongly stable if there is an open invariant subset 
W' C W with the following properties: 
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(i) the complement W \ W is of codimcnsion at least two in W, 

(ii) the group G acts freely, i.e. with trivial isotropy groups, on W , 
(hi) for every x € W the orbit G-x is closed in W . 

Remark 6.4.2. Let X be a normal prevariety as in Construction 16 . 1 ."31 and consider 
the characteristic space qx ■ X — > X introduced there. Then Proposition l6. 1 ,6l shows 
that the subset q x l (X TCg ) C X satisfies the properties of 16.4.11 

Let X and qx ■ X — > X be as in Construction l6TT31 In the sequel, we mean by a 
characteristic space for X more generally a good quotient q : X — > X for an action 
of a diagonalizable group if on a prevariety X such that there is an equivariant 
isomorphism (/z, Jl) making the following diagram commutative 



Recall that here fi: X — > X is an isomorphism of varieties and fx: H Hx is an 
isomorphism of algebraic groups such that we always have /x(h-x) = fx{h)-^x(x). Note 
that a good quotient q : X —> X of a quasiaffine if- variety is a characteristic space 
if and only if we have an isomorphism of graded sheaves 1Z — > q*(@x), where TZ is 
a Cox sheaf on X. 

Theorem 6.4.3. Let a quasitorus if act on a normal quasiaffine variety X with a 
good quotient q: X — > X. Assume that T(X, O*) = IK* holds, X is if -factorial and 
the H -action is strongly stable. Then X is a normal prevariety of affine intersection, 
T(X,0*) = IK* holds, C\(X) is finitely generated, the Cox sheaf of X is locally of 
finite type, and q: X — > X is a characteristic space for X. 

The proof will be given later in this section. First we also generalize the concept 
of the total coordinate space of a prevariety X of affine intersection with finitely 
generated Cox ring 1Z(X): this is from now on any affine 7f -variety isomorphic to 
the affine Hx -variety X of Construction 16.3m 

Corollary 6.4.4. Let Z be a normal affine variety with an action of a quasitorus 
if. Assume that every invertible function on Z is constant, Z is H -factorial, and 
there exists an open Li-invariant subset W C Z with codim^(Z\ W) > 2 such that 
the H -action on W is strongly stable and admits a good quotient q: W — > X . Then 
Z is a total coordinate space for X . 

A first step in the proof of Theorem 16.4.31 is to describe the divisor class group 
of the quotient space. Let us prepare the corresponding statement. Consider an 
irreducible prevariety X with an action of a quasitorus H = Spec IK [AL] . For any 
H- invariant morphism q: X — > X to an irreducible prevariety X, we have the push 
forward homomorphism 



from the invariant Weil divisors of X to the Weil divisors of X sending an 77-primc 
divisor D C X to the closure of its image q(D) if the latter is of codimension one 
and to zero else. By a homogeneous rational function we mean an element / G IK( X) 
that is defined on an invariant open subset of X and is homogeneous there. We 
denote the multiplicative group of non-zero homogeneous rational functions on X 
by E(X) and the subset of non-zero rational functions of weight w € M by E{X) W . 



X 



X 




X 



q„: WDW(X) H ->• WDiv(X) 
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Proposition 6.4.5. Let a quasitorus H = SpecK[A/] act on a normal quasiaffine 
variety X with a good quotient q: X — > X. Assume that T(X,0*) = K* holds, X 
is H -factorial and the H-action is strongly stable. Then X is a normal prevariety 
of affine intersection and there is an epimorphism 

S:E(X) -> WDiv(X), / ^ ? .(div(/)). 

We have div(/) = q*(g*(div(/))) for every f £ E{X). Moreover, the epimorphism 
8 induces a well-defined isomorphism 

M -> C1(X), w i-> [6(f)], with any f £ E{X) W . 

Finally, for every f £ E{X) W , and every open set U C X, we have an isomorphism 
of T(U, O)~modules 

T(U,O x (S(f))) -> r(q- x (U),O x ) w , g » fq*(g). 

PROOF. First of all note that the good quotient space X inherits normality and 
the property to be of afhne intersection from the normal quasiafhne variety X. 

Let X' C X be as in Definition jXH Then, with X' := q(X'), we have 
q~ 1 (X') = X' . Consequently, X' C X is open. Moreover, X \ X' is of codimcnsion 
at least two in X, because X\ X' is of codimcnsion at least two in X. Thus, we may 
assume that X = X' holds, which means in particular that H acts freely Then we 
have homomorphisms of groups: 

E(X) ^ d ' V(/) ? WDb,{X) H Z ~1 WDiv(X). 

9* 

The homomorphism from E(X) to the group of ff-invariant Weil divisors 
WDiv(X) H is surjective, because X is i7-factorial. Moreover, q* and are in- 
verse to each other, which follows from the observation that q : X — > X is an etale 
iZ-principal bundle. This establishes the first part of the assertion. 

We show that 6 induces an isomorphism M —> Cl(X). First we have to check 
that [6(f)] does not depend on the choice of /. So, let f,g € E(X) W . Then f/g is 
iJ-invariant, and hence defines a rational function on X. We infer well-dcfincdness 
of w n> [6(f)] from 

«,(div(/))-g.(div(ff)) - g.(div(/)-divG7)) = g.(div(// ff )) = div(// 5 ). 

To verify injectivity, let 5(f) = div(/i) for some h £ K.(X)*. Then we obtain 
div(/) = div (q*(h)). Thus, f/q*(h) is an invertible homogeneous function on X 
and hence is constant. This implies w = deg(f/q*(h)) = 0. Surjectivity is clear, 
because E(X) — > WDiv(X) is surjective. 

We turn to the last statement. First we note that for every g £ T(U, Ox(5(f))) 
the function fq*(g) is regular on q~ 1 (U), because we have 

div(/9*07)) = dW(f)+div(q*(g)) = q*(S(f))+div(q*(g)) = q* (S(f)+dW(g)) > 0. 

Thus, the homomorphism T(U,O x (S{f))) H- T{q- 1 (U),O x ) w sending g to fq*(g) 
is well defined. Note that ft, H» hj f defines an inverse. □ 

Corollary 6.4.6. Consider the characteristic space q: X — > X obtained from a 
Cox sheaf 1Z. Then, for any non-zero f £ T(X,lZm]) the push forward g*(div(/)), 
equals the [D]- divisor div[£>](/). 



Proof. Proposition 16.4.51 shows that q*(q*(div(f)) equals div(/) and Proposi- 
tion 16. 1.71 tells us that q* (dW[ D ](f)) equals div(/) as well. □ 
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Proof of Theorem 16.4.31 Writing H = Spec K[M] with the character 
group M of H, we are in the setting of Proposition ^. 4.5l Choose a finitely generated 
subgroup A C WDiv(X) mapping onto C1(X), and let D x , ... ,D S e WDiv(X) be a 
basis of A. By Proposition [6A5l we have Di = 8 {hi) with hi £ E{X) Wi . Moreover, 
the isomorphism M — > C\{X) given there identifies Wi £ M with [Di] £ C1(X). For 
D = a x Di + . . . + a s D s , we have D = 8{h D ) with h D = h\ x ■ ■ ■ h^ s . 

Let S be the sheaf of divisorial algebras associated to A and for D £ A, let 
w E M correspond to [I?] £ C\{X). Then, for any open set U C X and any D £ A', 
Proposition 16.4.51 provides an isomorphism of K- vector spaces 

$u, D : T{U,S D ) -> rtg-^CO.O)™, 3 <z*(ff)fc D . 

The fit together to an epimorphism of graded sheaves <£>: S — > <?*(0^)- Once 

we know that $ has the ideal I of Construction 14.2.11 as its kernel, we obtain an 
induced isomorphism 1Z —> q*Ox, where 1Z = S/I is the associated Cox sheaf; this 
shows that 1Z is locally of finite type and gives an isomorphism fi: X — > X. 

Thus we are left with showing that the kernel of $ equals X. Consider a C1(X )- 
homogeneous element / £ T{U,S) of degree [D], where D £ A. Let A be the 
kernel of the surjection A — > C\{X). Then we have 

/ = E $ (/) = E 

E£K° EeK" 

With the character \ : K° — > K{X)* defined by q*x{E) = h^, we may rewrite the 
image <£■(/) as 

*(/) = E q*{x{E)f D+E )h D = q* I E x{E)f D+E \ h D . 

EEK° \EeK" ) 

So, / lies in the kernel of $ if and only if x{E)/d+e vanishes. Now observe that 
we have 

/ = E 0- - x{e)) f D+E + E fo+E- 

EeK EeK 

The second summand is A- homogeneous, and thus we infer from Lemma |4. 3. II that 
f el holds if and only if £ X {E) fo+E = holds. □ 

Remark 6.4.7. Consider the isomorphism (/i, ju) identifying the characteristic 
spaces q : X — > X and qx ■ X —> X in the above proof. Then the isomorphism 
Jl identifying the quasitori H and Hx is given by the isomorphism M — > Cl{X) of 
their character groups provided by Proposition I6.4.51 
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